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Often we know the results of ” observations, ¢,’...c,’, such that c;’ 
may be supposed to have been drawn at random from a normal universe 
of unknown standard deviation o (the same for all the observations), 
and with mean a;t + 0; + djtzg +... + mé,. Here the coeffi- 
cients a; . . . m; are supposed to be known, while the m quantities &, . . .£,, 
are unknown. We suppose that 7 > m, and the question that immediately 
arises is (A): If we know only the values of c;’ and of a;, };, etc., what 


are the values of the ¢’s? The answer to question (A) has been given! 
in a previous paper (referred to henceforth as Part I) in these PROCEEDINGS. 
The next question, perhaps, in order of importance is (B): If we know only 
the values of c;’ and of a;, b;, etc., what is the value of o? 

The classical answer to the problem is well known; it is furnished by 
the method of least squares. In the notation of Part I, 


o = 8", (10) 


and this equation has been frequently employed in the practical evaluation 
of the mean or standard error of the equations of condition of least squares. 
That equation (10) is not correct has long been known, the resulting defect 
in the ordinary theory of least squares having been pointed out by Simon 
Newcomb,” who, however, took no steps to correct the theory. While the 
answer to question (B) is not essential to the answer to question (A), as 
is apparent from the treatment given in Part I, it may nevertheless be of 
interest; and it is in any case desirable to present it for the sake of com- 
pleteness. 
Equation (8) of Part I is 


(n—m)s?+a?|A/Aaa| 


p(s, a)dsda = const.” X s*~™~1e— 20? dsda (8) 
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giving, in the notation of that paper, the distribution of samples of s’ and 


a’. Integrate over alla. Then 


(n — m)s? 


p(s)ds = const.'¥ x s"""—1e ds (8’) 





is the distribution of s’ in the samples. Let y = o/s. Then the distribu- 
tion of y in the samples is 


nun—m 


p(y)dy = BX y™""""e 2B dy (11) 
in which the constant B is defined by 


4 -}( 2 ye r(*#=*), 
2\n —m 2 


Equation (11) gives the chance that o lies between ys’ and (y + dy)s’; 
it is the answer to question (B), and all the properties of the solution fol- 
low from it. 

Equation (11), and the definition of B, show that under the hypotheses 
of the first paragraph, p(y) does not depend upon s’. The mode of y is 
[(n — m)/(n — m + 1)]”; the curve is skew. The mean, j, is infinite 
when » < m+ 1, and whenz >m + 1, 


y= (358) (=E=)/e(32) 


The mean value of y? is infinite when » < m + 2, and when n >m + 2, 


y? = (n — m)/(n — m — 2). (13) 




















Hence the standard deviation of y about ¥, when n > m + 2, is 


oy = E = = oo - on Nf ew lit (14) 


The mean value of o, on the data of the first paragraph, is s’y, and the 
standard error of this value is s’c,. 

It is possible to obtain equation (9) of Part I from equation (8) and the 
results of the present paper. If o is known, then the distribution of a’, 
obtained by integrating (8), is 





1 __ @A/Aaa! 
p(a)da = — const.” e 20° da, 
Co 





where const.” does not depend upon ¢. If s’ is known, the distribution 
of ¢ is, by (11), 


(n—m)s’? 
p(c)do = Bs'"~"o™—*—1¢ 20% de. 
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By the law of mutually exclusive events, the distribution of a’ when s’ is 
known can be found by integrating the present p(a)p(c)dado over all oc. 
Equation (9) is then in fact obtained, showing the consistency of the 
results given in these papers. Equation (9) is the answer to question (A); 
and while the answer to question (A) has thus been shown to follow from 
the answer to question (B), the more direct derivation of equation (9) by 
the method of Part I is to be preferred. 

As in Part I, no use has been made here of inverse probabilities. While 
the writer has been able to derive the results given in Part I by in- 
verse probabilities, the inverse arguments are considerably inferior to 
the direct arguments of Parts I and ITI. 

1 Sterne, Proc. Nat. Acad. Sci., 20, 565-571(1934) 

2 Simon Newcomb, Fundamental Constants of Astronomy, p. 83 (1895). 


CHROMOSOME NUMBERS IN CERTAIN RICCIACEAE! 
By MarGareT B. SILER 
DEPARTMENT OF BoTANY, UNIVERSITY OF WISCONSIN 
Communicated October 22, 1934 


The Ricciaceae have been but little studied cytologically. A preliminary 
examination of the chromosomes of Riccia sorocarpa and R. Austini showed 
that further study of this genus might be interesting. Hence, a more 
extensive examination of various Riccias and of Ricciocarpus natans was 
undertaken. Table 1 shows the chromosome numbers thus far determined. 
All counts were made from equatorial plates. 

Plants of Ricciocarpus natans from three sources give the same count, 
9 chromosomes in the gametophyte (Fig. 1). These chromosomes are all 
small, but one is very minute, apparently nearly spherical. Garber? and 
Lewis’ reported 4 as the gametophytic number for R. natans. The small 
size of the chromosomes and the large proportion of indistinct plates are 
disadvantageous, but the occasional plate in which the chromosomes are 
spread out shows 9 very clearly. 

The genus Riccia is divided into two groups, Ricciella and Euriccia, 
on the basis of air-chamber structure. The latter group is much the 
larger. In the former, counts have been obtained for three species. 

In a young antheridium of Riccia Sullivantii were found many plates 
favorable for counting. These invariably contain 7 large chromosomes; 
many show in addition an eighth very small chromosome (Fig. 2). All 
the chromosomes (except the smallest) are longer and thicker than any 
of those of Ricctocarpus natans. 
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Figures in gametophytes of Riccia crystallina from Sanford, Fla., show 
8 chromosomes, 7 larger and 1 minute (Fig. 3). Mitoses in young sporo- 
phytes show 15 or 16 (Fig. 4). Lewis reported only 4 chromosomes in 
the gametophyte of R. crysiallina, but here, as in Ricciocarpus natans, 
the chromosomes are all small and clear figures are rare. 


\[-/ VY, w 
u= Ss ve ( 
7 < si MS ¥ 


ls 
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FIGURES 1-17 


Equatorial plates from various species. Except as otherwise indicated, 
these plates are from mitoses in young growing regions of thalli. Figure 1, 
Ricciocarpus natans. Figure 2, Riccia Sullivantii, antheridium. Figure 3, 
R. crystallina. Figure 4, R. crystallina, sporophyte. Figure 5, R. Curtisi 
male, antheridium. Figure 6, R. Curtisit female. Figure 7, R. Curtisti, 
sporophyte. Figure 8, R. Austint. Figure 9, R. sorocarpa, antheridium. 
Figure 10, R. glauca. Figure 11, R. arvensis, antheridium. Figure 12, R. 
Campbelliana. Figure 13, R. californica. Figure 14, R. trichocarpa. Figure 
15, R. Donnellit male, haploid. Figure 16, R. Donnelliit male, diploid. 
Figure 17, R. Gougetiana female. All figures ca. 3700 X. 


Riccia Curtisti, a dioicous species, was studied by McAllister* who found 
8 chromosomes in both gametophytes, one chromosome of each comple- 
ment being much smaller than the other seven. Males of this species 
from the U. S. Fish Hatchery southwest of Valdosta, Ga., show likewise 
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8 chromosomes, 7 large and 1 very small (Fig. 5). Female thalli from 
Tallahassee, Fla., also show 8, but in this material a very small chromo- 
some is not easily distinguishable (Fig. 6). One chromosome is shorter 
than the other 7, but it is not so small in comparison to them as is the 
smallest chromosome in the male. Sixteen chromosomes appear in sporo- 
phytic mitoses from the same females (Fig. 7). Here one minute chromo- 
some may be distinguished, but what is probably the second small one is 
larger. 


TABLE 1 


CHROMOSOME NUMBERS IN CERTAIN RICCIACEAE 


TOTAL VERY 
NO. IN SMALL SPOROPHYTIC ORIGIN OF 
SPECIES GAMETOPHYTE CHROMOSOMES NO. MATERIAL 
Ricciocarpus natans 9 1 Indiana; Columbia 
(L.) Corda Univ.; Hope Lake, 
Cambridge, Wis. 
Riccia 
Ricciella 
R. Sullivantti Aust. 8 1 Tallahassee, Fla. 
R. crystallina L. 8 1 16 Sanford, Fla. 
R. Curtistt T. P. James 8c 1 Valdosta, Ga. 
82 1 16 Tallahassee, Fla. 
Euriccta 
Non-ciliate 
R. Austini Stephani 9 1 State College, Miss. 
R. sorocarpa Bisch. 8 1 State College, Miss.; 
Berkeley, Calif. 
R. glauca L., and R. 9 1 Yosemite Valley, Calif. 
glauca L. var. subin- 
ermis (Lindb.) Warnst. 
R. arvensis Aust. 8 1 State College, Miss. 
R. Campbelliana M. A. 8 1 Marin Co., Calif. 
Howe 
Ciliate 
R. californica Aust. 9 1 (or 2?) Sonoma Co., Calif. 
R. trichocarpa M. A. 8 1 Placer Co., Calif. 
Howe 
R. Donnellit Aust. 8c 1 
16¢ 2 Sanford, Fla. 
R. Gougetiana Mont. 189 2 Columbia Univ. 


Black’s® count of 8 for R. Frostii, and Heitz’s® of 7 + 1 for a Ricciella 
from Algiers, together with the numbers here reported, may indicate that 
8 is a characteristic number for the Ricciella group. Heitz’s count of 
14 (—15) for R. fluitans suggests that it may be a polyploid. 

The Euriccia group is subdivided into two, one with naked thallus 
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margins and one in which the thallus margins bear setae or cilia. Howe’ 
lists 13 non-ciliate and 5 ciliate native North American species. Five 
species from the former and four from the latter sub-group are here con- 
sidered. 

Thalli and antheridia of Riccia Austini from Mississippi show clearly 
9 chromosomes, including one very small one (Fig. 8). In some favorable 
figures the small chromosome is somewhat elongated. 

Heitz gives as the number for R. sorocarpa 8(?) + 1. Clear plates in 
thalli and antheridia of my material of this species, both from Mississippi 
and from California, show 8 chromosomes, including one minute one 
(Fig. 9). The seven larger chromosomes are smaller than those of R. 
Austini, R. Sullivantii or R. Curtisii, but larger than those of R. crystallina. 
In the haploid chromosome complement of R. sorocarpa certain chromo- 
somes may be identified. In addition to the very small chromosome 
there are 2 short, 2 of medium length and 3 long ones. 

For R. glauca Beer® gave 7 or 8 as the haploid number. Heitz found 
8 large and 1 small chromosome in this species. Wentzel® reported 8 
chromosomes. In the present study, thalli of R. glauca show 9 chromo- 
somes, 8 large and 1 small (Fig. 10). The material studied was a mixture 
of R. glauca and its variety subinermis from Yosemite Valley, Calif. 

The 8 chromosomes of R. arvensis (Fig. 11) are very similar to those of 
R. sorocarpa. 

In plates from thalli of R. Campbelliana 8 chromosomes are present 
(Fig. 12). The smallest chromosome is very minute but definitely present. 

Of the native American ciliate Riccias three have been available so far. 
R. Gougetiana, a ciliate species from Algeria, was obtained from the 
Columbia University greenhouses. 

In R. californica (Fig. 13), 2 of the 9 chromosomes are much smaller 
than the other 7. One of these 2 is very small, apparently corresponding 
to the smallest one in the other Riccias, while the second one is two or 
three times the length of the first, but much shorter than the remaining 7. 

In R. trichocarpa, 8 chromosomes appear on plates in the thalli (Fig. 14). 
One of these is very small. 

Only male gametophytes have so far been identified in R. Donnelli 
from Sanford, Fla. In this species the chromosomes are large and the 
plates are diagrammatically clear. Of five thallus tips of this material 
which yielded figures when sectioned, three were found to have 8 chromo- 
somes as the characteristic number (Fig. 15). Two of these thalli were 
male and on the third no sex organs were found. The other two thalli, 
both male, presented plates with 16 chromosomes (Fig. 16). The haploid 
males have 1 small chromosome among the 8. The diploid males have 
2 small chromosomes and apparently a double set of the 7 larger ones. 

Female gametophytes of R. Gougetiana present a large number of 
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chromosomes (Fig. 17), not, however, so diagrammatically arranged as in 
R. Donnellit. In the less crowded plates 16 large chromosomes and 
usually 1, sometimes 2 small ones may be counted. The count here is 18, 
and these plants are probably diploids in a line with 9 as the basic number. 
The gametophytes of R. Donnellii and R. Gougetiana are large and thick, 
features which might be correlated with the large chromosome size and 
also with diploidy. In R. Donnellii the cells of the diploids are larger 
than those of the haploids. It has not yet been possible definitely to 
correlate external features of this latter plant with haploidy or diploidy. 

Heitz cites an additional Euriccia, R. Lesquereuxti, with 9 chromosomes. 
Lorbeer ! found 8 in R. Bischoffit. 

Oxymitra is the third genus of the Ricciaceae. Heitz gives 8 (+1?) 
as the haploid number in Oxymiira pyramidata. 

Haupt!! found only one basic number, 9 chromosomes, in the genus 
Marchantia. In the genus Riccia and the family Ricciaceae two basic 
numbers seem to occur, 8 and 9. All the species here reported have either 
8 or 9 chromosomes or twice these numbers. In each species one of the 
8 or 9 has been found to be much smaller than the other 7 or 8. In the 
diploids two very small chromosomes are found. Heitz identifies the 
small (‘‘m-’’) chromosome as a sex-chromosome. In the Riccias here 
reported I have found no evidence as to the function of the smallest chromo- 
some or chromosomes. 


1 Work done with the aid of grants from the University of Wisconsin Research Fund 
and the Wisconsin Alumni Research Foundation. 

2 Garber, J. F., Bot. Gaz., 37, 161-177 (1904). 

3 Lewis, C. E., Ibid., 41, 109-138 (1906). 

4 McAllister, F., Bull. Torrey Bot. Club, 55, 1-10 (1928). 

5 Black, Caroline A., Ann. Bot., 27, 511-532 (1913). 

6 Heitz, E., Abhandl. des Naturw. Vereins su Hamburg, 21, 48-58 (1927). 

7 Howe, M. A.; No. Am. Flora, 14, part 1, 7-27 (1923). 

8 Beer, R., Ann. Bot., 20, 275-291 (1906). 

® Wentzel, Richmut, Marburg Dissertations, 15, No. 7 (1929). 

10 Lorbeer, G., Zeit. Indukt. Abst. Vererb., 44, 1-109 (1927). 

11 Haupt, Gertraud, Ibid., 62, 390-428 (1932). 
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REVERSIBLE COAGULATION IN LIVING TISSUE. XIII 


By Henry E. MERRIAM! AND JOHN E. RUTZLER, JR. 
BAKER CHEMICAL LABORATORY, CORNELL UNTVERSITY 


Communicated October 19, 1934 


In an earlier paper,” it was pointed out that caffeine should not keep 
one awake when its stimulating action is counteracted by sodium rho- 
danate. One of the main actions of caffeine* is to increase the reflex 
excitability of the central nervous system from above downward, thus 
among other things giving rise to insomnia. On the other hand, sodium 
rhodanate is a sedative. Examination of tables 1 and 2, for moderate 
doses, reveals that any antagonism between these two drugs is most 
easy to explain from the point of view of their effects on the protein colloids 
of the nervous system, since the two drugs show opposite actions only on 
spinai cord and general excitability and on protein colloids. 

The differences in the effects of sodium rhodanate and caffeine thus are 
found in their actions on the nervous system and on protein colloids. In 
addition, caffeine clearly produces insomnia in some people when taken in 
the form of coffee, although Laird'* thinks that psychic stimulation from 
other causes is mainly responsible. On the other hand, sodium rhodanate 
tends to reduce the reflex excitability of the nervous system and allows 
sleep, due to its action in peptizing the protein colloids of the sensory 
nerves from the slightly agglomerated state, representing stimulation, 
back to normal. Sodium bromide, which is similar to sodium rhodanate 
except that it is a weaker peptizing agent for proteins, among other drugs, 
is recommended" for the treatment of acute caffeine poisoning. 

With these facts in mind we have conducted clinical experiments on 
the antagonistic action of these two drugs as represented by the response 
of insomnia induced by caffeine to the peptizing action of sodium rho- 
danate. The cases that were accepted for the experiment were those of 
people who through a great deal of experience with coffee were thoroughly 
versed in its effect on their sleep. We aimed to give more than enough 
sodium rhodanate to each patient, except where indicated, to counteract 
completely the effect of the coffee that they took. Each patient was 
instructed not to alter, or did not alter radically, his daily habits during 
or just before the experiment. All doses of sodium rhodanate were given 
in a glass of water. . Sodium rhodanate is not a habit-forming drug. 

Case 1. C. A., male, age 54, health good except for heart disease. 
Coffee habits: Always takes one and one-half cups of coffee at night, one 
to two cups at breakfast and one cup at noon. Sleeps well only if he 
retires after 10 Pp. M. shortly following a light lunch. The night previous 
to the experiment without altering his coffee habits he retired earlier than 
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usual and omitted the light lunch; he did not sleep well. The day of the 
experiment the patient drank the usual amount of coffee, took ten grains 
of sodium rhodanate at 7 P. M., omitted the light lunch, retired at 9 P. M. 
and slept better than for several nights preceding the experiment. 


TABLE 1 
PULSE BLOOD PARASYMPATHETIC RATE OF 
DRUG METABOLISM RATE DIURESIS PRESSURE STIMULATION RESPIRATION 
Caffeine Increased’ Decreased Strong SI. rise Positive® Increased 
NaSCN Noeffect® Decreased’ Slight Lowered Positives Increased 
Coffee Increased’ Lowered’ Increased’ 
TABLE 2 
SPINAL EFFECT ON 
CORD GENERAL SKELETAL PROTEIN EFFECT ON 
DRUG EXCITABILITY EXCITABITITY MUSCLE COLLOIDS FATIGUE 
Caffeine Increased Increased* More lactic acid!‘ Coagulates®!%!!_ Decreases 
NaSCN Decreased Decreased present with both Peptizes No change 
drugs 


Case 2. N.F.M., male, age 26, health excellent. Coffee habits: Never 
uses coffee, being quite sensitive to it as shown by the fact that he sleeps 
very poorly after taking one cup at dinner time. For two nights prior to 
the experiment, he took one cup of coffee at dinner. On the second of 
these nights he reported that he was very restless all night; he complained 
of an itching sensation and sudden awakening at frequent intervals. At 
7:15 Pp. M. on the third night in succession that he had taken one cup of 
coffee, he was given fifteen grains of sodium rhodanate. The next day he 
reported that he had not slept any longer than on the preceding night 
but that he had rested quietly all night, not being psychically and ner- 
vously upset by the insomnia as he had been on the previous nights. The’ 
next night, after again taking a cup of coffee at dinner time, he was given 
another fifteen grains of sodium rhodanate. In the morning he reported 
that he did not sleep as well as on the previous night and that he was 
restless and psychically upset as a result of the insomnia. That meant 
that too much sodium rhodanate had been given, resulting in a slight over- 
peptization of the sleep center colloids. It has been a common experience 
in the general work with sodium rhodanate to over-dose the patient 
slightly; as a consequence the patients have invariably not slept for one 
night during which time they were not restless, nervous or psychically 
upset. When the over-dosage has been continued for another night, the 
patients have continued to sleep poorly; but in contra-distinction to the 
first night, they have been nervous, restless and psychically upset by the 
insomnia. Clearly, it is not a usual experience for a man to go most of 
a night without sleeping and yet not be upset during the night by the 
experience. So, this patient was very sensitive to sodium rhodanate as 
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well as to caffeine. On the third night of the experiment, the patient 
again took a cup of coffee at dinner time; following that he was given 
seven and one-half grains of sodium rhodanate. In the morning he re- 
ported that he had slept well. Therefore, after adjusting the dosage of 
sodium rhodanate, the antagonism to caffeine was clearly demonstrated. 
The patient reported that upon taking coffee regularly a tolerance, from 
the point of view of insomnia, does not develop. 

Case 3. A. P. M., male, age 45, health excellent. Coffee habits: One 
cup of coffee in the morning and a small cup at noon. Occasionally he 
takes a cup of coffee at 4 p. mM. which keeps him awake invariably if he 
does not take lacto-dextrin at bedtime. Ordinarily a cup of coffee at 
supper time keeps him awake. On the night of the experiment, he took a 
cup of strong coffee at supper time followed by fifteen grains of sodium 
rhodanate. In the morning he reported that he had slept well during 
the night. He had not taken lacto-dextrin. 

Case 4. W. D.B., male, age 67, health excellent. Coffee habits: One 
cup of coffee daily, in the morning. Coffee taken at night regularly pro- 
duced insomnia. The first experiment was done two years ago. After 
one cup of coffee at dinner time, he took seven and one-half grains of 
sodium rhodanate. In the morning he reported that he had not slept well. 
A few weeks later, he again took one cup of coffee at dinner time and 
followed it with fifteen grains of sodium rhodanate. The next morning 
he reported that he had slept well. Up to this point this case shows two 
things. In the first place, the sleep was not brought about by the psychic 
effect of taking the sodium rhodanate, because he did not sleep well on 
seven and one-half grains. Secondly, the dosage of sodium rhodanate 
that is required to counteract one cup of coffee varies from individual to 
individual. Two years later, after having taken seven and one-half 
grains of sodium rhodanate a week in the interim, the patient took three 
grains of sodium rhodanate after having taken one cup of coffee at dinner 
time. In the morning he reported that he had not slept well. A few 
days later, he took seven and one-half grains of sodium rhodanate following 
one cup of coffee at dinner time. The next morning he reported that he 
had slept well, not suffering from insomnia. Another experiment was 
performed in which the patient took seven and one-half grains of sodium 
rhodanate on one night and then a cup of coffee at dinner time on the next 
night. The following morning he reported that he had again slept well. 
The second set of experiments again shows the absence of a psychic effect 
from taking the sodium rhodanate. Furthermore, they show either that 
the sensitivity of the patient to caffeine has decreased or that the sensi- 
tivity to sodium rhodanate has increased. In this case, it takes just as 
much sodium rhodanate to counteract insomnia which is not caused by 
coffee now as it did when the first experiment was done. Therefore, the 
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sensitivity to caffeine has decreased. This is considered to be due to a 
decrease in the readiness with which the protein colloids of the nervous 
system agglomerate as a result of the administration of sodium rhodanate 
over a long period of time. 

Case 5. A. J. M., male, age 42, health excellent except for occasional 
kidney stones. Coffee habits: Takes two cups of coffee in the morning 
and one cup at noon. Usually one cup of coffee at night causes insomnia. 
The first experiment was made ten months prior to the second one. The 
patient took one cup of coffee at dinner, followed by fifteen grains of sodium 
rhodanate. In the morning the patient reported that he had had a good 
sleep and felt relaxed. The patient reported a like experience shortly 
afterward. Ten months later, he was given two grains of sodium rho- 
danate in the same voiume of solution. He was told that the solution 
contained the same amount of sodium rhodanate as that that he had had 
previously but that the taste had been disguised in a special way. This 
was taken after two cups of reasonably strong coffee. He reported in the 
morning that he had not slept as long as usual and that his sleep was 
unaccountably disturbed. He further reported that he was tired when he 
retired. This experiment shows again that a certain minimum dose of 
sodium rhodanate is necessary to counteract the effects of caffeine and 
that the psychic effect of taking the sodium rhodanate can be ruled out. 
Of course, the small amount of sodium rhodanate was given purposely in 
order to show that there was not a predominant psychic effect. Before 
this last experiment was made, the patient was convinced as a result of 
his previous experiences that sodium rhodanate counteracts the effects 
of coffee in producing insomnia. Kidney stones were not a complicating 
factor during these experiments. 

Case 6. M.S. K., male, age 39, health excellent so far as known. 
Coffee habits: Two cups of coffee at breakfast, occasionally one or two 
cups at noon. He reported that if he takes two cups of coffee at noon he 
feels lethargic during the afternoon. He rarely takes a cup of coffee at 
night; and that usually keeps him awake unless he goes to bed very late. 
On the night of the experiment, he took one and three-quarters cups of 
coffee at 6:40 and fifteen grains of sodium rhodanate ten minutes before 
going to bed at 10:30. In the morning he reported that contrary to his 
usual experience with one cup of coffee and an early retiring hour, he slept 
well. 

Case 7. H. B., female, age 40. Coffee habits: Unable to drink coffee 
due to the insomnia which it regularly produces. She drank a cup of 
coffee with the evening meal and followed that with fifteen grains of 
sodium rhodanate. She reported that she slept well that night. 

Case 8. Mrs. G., age 42. Health: Thyroidectomy done fifteen 
years ago for exophthalmic goiter; still hyperthyroid with some exoph- 
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thalmus; neurasthenic and hysterical. Coffee habits: Cannot sleep if 
she drinks coffee, drinks decaffeinized coffee regularly. Immediately 
prior to the start of the experiment she had run out of the decaffeinized 
coffee and so had used regular coffee for three days. During this time she 
had suffered from insomnia and had come in for relief. She was given 
fifteen grains of sodium rhodanate and took another cup of ordinary 
coffee at dinner. The next morning she reported that she had slept well. 

Case 9. Mrs. R. claims that coffee always disturbs her sleep. She 
took one cup of coffee at dinner time and followed that with fifteen grains 
of sodium rhodanate. In the morning she reported that she had slept 
well, despite the coffee. 

Case 10. J. P., male, age 51, general health fair except for a slight cold 
at the time of the second experiment. Coffee habits: Drinks coffee 
regularly in the morning. He drinks tea infrequently. He does not sleep 
well at night after a cup of coffee. The first experiment was made a month 
or so prior to the second. The first time he took approximately ten grains 
of sodium rhodanate in the evening following a cup of coffee at dinner. 
He slept well that night. At noon of the day of the second experiment, he 
took ten grains of aspirin to relieve a headache due to considerable eye 
work. In the afternoon he took a cup of tea following a walk. He re- 
ported that he periodically awakens at 4 to 5 a. M., drinks water and goes 
back to sleep. He took a small cup of coffee at dinner and eleven grains 
of sodium rhodanate upon retiring at midnight, at which time he was 
fairly tired. He slept nine hours without interruption. He reported that 
he usually sleeps somewhat less than that. 

More controls would have been desirable; but the patients were volun- 
teers and were not enthusiastic over sleepless nights. The main object of 
the study was to demonstrate the antagonism between coffee and sodium 
rhodanate and determine the best probable dose to start with. This 
seems to be fifteen grains of sodium rhodanate in a glass of water. Three 
of the patients were trained observers. 

1M. D. 

2 Bancroft and Rutzler, Proc. Nat. Acad. Sci., 19, 73 (1933). 

3 Sollmann, A Manual of Pharmacology, 273 (1932). 

4 Means, et al., Arch. Int. Med., 19, 832 (1917). 

5 Bancroft, Gutsell and Rutzler, J. Phys. Chem., 36, 2011 (1932). 

6 Takacs, Z. ges. exptl. Med., 50, 432 (1926); Sollmann, loc. cit., p. 279. 

7 Sollmann, loc. cit., p. 270. 

8 Pavlov, Conditioned Reflexes, 127 (1927). 

® Jacoby and Galowinski, Arch. exp. Path. Pharm., 59, Suppl. 286 (1908). 

10 yon Fiirth, Jbid., 37, 389 (1896). 

11 Sollmann, loc. cit., p. 283. 

12 Laird and Muller, Sleep, 171 (1930). 

13 Sollmann, loc. cit., p. 288. 

14 Sollmann, loc. cit., p. 276; Selter, Hoppe-Seyler’s Zeit. Physiol. Chem., 165, 18 
(1927). 
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GENETICS OF HERMAPHRODITISM IN DROSOPHILA VIRILIS 
By G. A. LEBEDEFF 


DEPARTMENT OF GENETICS, CARNEGIE INSTITUTION OF WASHINGTON, 
CoLp SPRING HARBOR, N. Y. 


Communicated November 13, 1934 


Studies of intersexuality in Drosophila melanogaster (Bridges)! and in 
Lymantria dispar (Goldschmidt)? indicate that: (1) each individual 
possesses genes or potentialities of both sexes, (2) the ultimate sex of an 
individual is determined by the quantitative reiation or the balance be- 
tween male and female sex factors, (3) at any given time potentialities of 
one sex are overbalancing those of the other, (4) the reaction of a given sex 
can be overtaken by that of the other sex with the ultimate result of sex re- 
version or intersexuality. 

These principles of the genic balance theory have been successfully ap- 
plied in genetical studies of sex. However, they were found to be not quite 
sufficient in those species in which hermaphroditism commonly occurs. 

In the present paper hereditary non-functional hermaphroditism in 
Drosophila virilis will be briefly described, which may help to fill the gap 
indicated above. 

Origin.—The sex-intergrades here described were first observed in 1933 
in sv stock, which originated in 1930-31 in one of the cultures received 
from Professor T. Komai, Kyoto, Japan, and kept in the laboratory. By 
inbreeding normal flies from that stock, 40 cultures were obtained which 
produced 1993 males, 1516 females and 489 sex-intergrades, while 41 
cultures produced 2088 males, 1191 females and 962 sex-intergrades. The 
number of normal males, females and sex-intergrades in the first set of 
cultures approaches a ratio of 4:3:1, and in the latter set of cultures a ratio 
of 2:1:1. This is to be expected, if sex-intergradation is caused by an 
autosomal recessive gene, which has an effect on females only (Lebedeff).* 

Linkage.—To locate the gene, linkage tests were performed with rounded 
(R), garnet (G) and clipped (C/) dominant genes of the second, third and 
fourth chromosomes, respectively. The results showed that the gene, 
called intersex (ix) is linked with the third chromosome gene, garnet (G). 
By means of a three point test its locus was found to be at 101.5. 

Sex-Linked Genes and Sex-Intergrades.—In order to demonstrate that the 
sex-intergrades of all morphological types are not gynandromorphs, which 
they often resemble (Dobzhansky)‘ and in order to show that they are of 
XX constitution, females homozygous for either v, f, si, mt, sex-linked 
genes, and heterozygous for 7x were crossed to males from stocks carrying 
the 7x gene. From these crosses 934 males which carried one of the indi- 
cated sex-linked factors, 800 wild type females and 397 wild type sex-inter- 
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grades of all morphological types were obtained. (The deficiency in males 
probably is due to sex-linked semi-lethals.) 

Morphology of Sex-Intergrades.—Morphologically sex-intergrades ex- 
hibit high variability in both external and internal structures. The ex- 
treme female type is very similar to normal females in appearance and 
possesses normal female reproductive organs, with the exception that the 
ovaries are undifferentiated. On the other hand, the extreme male-type 
sex-intergrades are simiiar to the normal males, except that they possess 
testes which are underdeveloped and which produce no sperm. These 
two extremes are connected by a series of hermaphrodites with variously de- 
veloped male and female reproductive organs. However, they can easily 
be grouped into four rather distinct classes. 

The first class, the most variable, is composed of females in which male 
sexual organs may be developed in various degrees from the appearance 
of embryonic testes to an almost complete male system. However, even 
in extreme cases both male and female gonads, as well as male reproductive 
system, and in particular the male external genitalia, are poorly developed 
(Fig. 1, c-f). 

The second class is composed of hermaphrodites which have poorly de- 
veloped male and female gonads, but which have sexual ducts and external 
genitalia of both sexes well developed. As in the sex intergrades of the 
first group, their anal plates have characteristics of both sexes, and their 
abdomens are female-like (Fig. 1, g-h). 

The third class has well developed male gonads, sexual ducts and geni- 
talia. In addition, the flies have a pair of embryonic ovaries, which are 
attached to the testes. The testes seem to contain spermatogonia most 
of which are degenerating, while the ovaries have odcyte-like cells. They 
still retain the female shape of the abdomen, but the anal plates are 
male-like (Fig. 1, 7). 

The fourth class is composed of females that are completely reverted 
into males. There is no trace of femaleness, except in a few instances, in 
which a rudimentary fifth (female) sternite is present. The testes, however, 
rarely reach normal size, and contain mostly spermatocytes, often degen- 
erated. They are sterile, as are all the other types (Fig. 1, 2). 

Sex-Intergrade Modifiers.—After but few generations of selection, three 
lines, designated as 1, 3 and 4 according to the morphological types de- 
scribed, were isolated each producing only one type of sex-intergrades. 
Line 3 is an exception, since about twenty per cent of sex-intergrades here 
are hermaphrodites of type 2. This fact indicates that the degree of sex: 
intergradation is genetical in origin. 

To test the genetical relations between different morphological types, 
Lines 1, 3 and 4 were outcrossed to the same unrelated stock. In the Fy 
of the Line 1 outcross all four types of sex-intergrades appeared. In the 
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F, of the Line 3 outcross sex-intergrades were of type 3 and 4 approximately 
in 3:1 ratio. In the F, of the Line 4 outcross only type 4 intergrade ap- 
peared. 

These results suggest that females homozygous for ix gene are reverted 
into males, but sterile (type 4). The other described types of sex-inter- 
grades are caused by modifying factors, which retard sex-reversion. The 
presence of one dominant modifier together with ix gene probably re- 
sults in the development of hermaphrodites of type 3. The relation be- 
tween type 1 and 3 of sex-intergrades is more complicated, probably in- 
volving two or more modifiers. Studies on this phase of the problem are 
not yet completed. 

Discussion.—Morphological and genetical studies of sex-intergrades in- 
dicate that they are gametic females, in which the male reproductive sys- 
tem is developed, as a result of the action of a single autosomal gene—ix. 
The time when male development begins is determined by modifying fac- 
tors, and this in turn, decides the morphological type of sex-intergrade. 
It is assumed that the early activity of the 7x gene will suppress the fe- 
male tendencies and the result will be an almost complete sex-reversion— 
intergrades of types 3and 4. Late action of the 7x gene in the ontogeny of 
the female will result in development of almost normal females. However, 
if 7x starts to act at a certain moment, presumably at the time of the de- 
velopment of the imaginal discs of sexual organs, male and female organs 
develop simultaneously, resulting in production of hermaphrodites. 

According to the assumption, derived from the genic balance theory, 
the equilibrium between male and female determining genes or substances 
(M=F) would bring about hermaphroditism. The experiment described 
above indicates that in the case of D. virilis this condition is reached in the 
gametic females homozygous for an autosomal gene 7x, when its action is 
delayed by the presence of one or more modifiers. 

Summary.—The third chromosome recessive gene, called intersex (ix) 
was found to cause reversion of homozygous females into males, which are 
sterile. 

The incomplete reversion brought about by modifying factors results 
in production of hermaphrodites. It is assumed that these modifiers de- 
termine the time of activity of the 7x gene and thus determine the degree 
of hermaphroditism. 


1 Bridges, C. B., Sex and Internal Secretion, pp. 55-93 (1932). 

2 Goldschmidt, R., Bibliog. Genet., 11, 1-185 (1934). 

3 Lebedeff, G. A., Amer. Nat., 68, 68-69 (1934). 

* Dobzhansky, Th., Roux’ Arch. Entwicklm., 123, 719-746 (1931). 
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ORGANIZATION OF SALIVARY GLAND CHROMOSOMES IN 
SCIARA IN RELATION TO GENES! 


C. W. MgtTz AND E. H. Gay 


DEPARTMENT OF EMBRYOLOGY, CARNEGIE INSTITUTION OF WASHINGTON, AND DEPART- 
MENT OF ZOOLOGY, JOHNS HOPKINS UNIVERSITY 


Communicated November 14, 1934 


Following the discovery by Heitz and Bauer? that the conspicuous and 
highly organized “‘spireme’’ in salivary gland nuclei of Diptera is not con- 
tinuous, but is composed of chromosomes fused side by side in pairs, much 
attention has been centered on these structures. Painter* has shown con- 
vincingly that in Drosophila the ‘‘discs”’ or “‘bands’’ producing cross stria- 
tions in the chromosomes bear a definite relation to gene loci, and Bridges‘ 
and Koltzoff> have suggested that the “granules’’ often visible in the bands 
represent, in some manner, the individual genes. The latter suggestion 
is apparently based on the assumption that the two original threads going 
to make up the chromosome have divided repeatedly, so that each cross 
band or disc is compound and consists of a series of genes derived from 
the original pair (or from a single gene in the case of the unpaired X chro- 
mosome). 

The ‘‘granules’” have been described as forming series of spiral rows 
along the chromosome, and Koltzoff has noted thread-like lines connecting 
the granules in these rows. On this interpretation the chromosome is com- 
posed of a series of granulated threads, like strings of beads, arranged 
spirally. 

Since the salivary gland chromosomes in Sciara are very favorable for 
observation, we have been making a careful study of their structure in the 
hope of throwing further light on the problem of chromosome organization, 
in connection with a study of the sex chromosomes in our material. Some 
of the results of this study have been noted elsewhere (in press). The 
present paper is concerned especially with a condition in which one chromo- 
some of a pair contains a segment not present in its mate. The condition 
is found in about half the females from a stock culture of Sciara ocellaris 
Comstock, and may be concerned with genetic peculiarities in this species. 
It represents a normal condition, in the sense that no irradiation or other 
artificial treatment has been employed. The extra unit, shown in figure 1, 
is absent in other females of the culture. Preliminary observations on 
males indicate that both conditions are present also in this sex. The pos- 
sible relation of the conditions to sex determination will be discussed else- 
where. 

Attention will be confined here to two main problems dealing respec- 
tively with the longitudinal and the transverse differentiation of the chro- 
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mosomes in our material. The salivary gland chromosome is clearly differ- 
entiated longitudinally by the cross striations, which presumably reflect 
some kind of segmental organization. Similarly, in a transverse direction 
the chromosome (except the unpaired X) is compound at least to the ex- 
tent of being double, for it arises by lateral fusion of two homologues. If 
the hypothesis of Koltzoff and Bridges is correct it is, in late stages, not only 
double, but composed of 8, 16 or 32 “gene strings’ arranged in rosette 
fashion about the axis and at the same time spirally coiled. 





2 


FIGURES 1 AND 2 


1, one end of a chromosome showing a half-segment; i.e., segment present in one 
component and not in the other. 2, the other end of this chromosome in two differ- 
ent specimens—a, prepared to show vesicular segments, b, prepared to show bands or 
discs. Camera drawings, by Dr. Helen B. Smith; all from S. ocellarts Comstock. 


As noted in the other paper just mentioned, striking differences are 
found in the appearance of our material following different modes of 
dissection in preparation for fixing in the usual aceto-carmine mixture. 
After dissection in Ringer’s solution, the banded structure tends to be 
prominent (Fig. 2b), while after dissection in the body fluid of the organ- 
ism, or directly in the aceto-carmine fixative, biscuit-like or wafer-like iS 
segments appear prominently. In extreme cases the chromosomes are 
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full of these segments and few bands are to be seen (Fig. 2a). The biscuit- 
like structures are vacuolated in appearance and resemble compressed 
vesicles. For convenience they will be referred to here as ‘“‘vesicles.”’ 
They apparently arise from pre-existing segments of differentiated material 
in the chromosome, for they exhibit characteristic differences in size, shape 
and structural make-up, and exhibit a relatively constant pattern which 
corresponds in homologous chromosomes of different cells and individuals. 

Study of living material has not yet sufficed to determine which of these 
conditions—that with discs or that with vesicles—more nearly approxi- 
mates the normal. It suggests, however, that vesicles are present which 
have more nearly parallel faces than those found in the fixed material, and 
that the latter are somewhat swollen by the fixative. 

In fixed preparations of the vesiculated type the space between succes- 
sive vesicles or segments in the series is filled with material apparently 
different from that within the vesicles. The faces of the vesicles here (ex- 
tending transversely across the chromosome) appear to represent boun- 
daries, or interfaces, separating one kind of material from the other. By 
comparing corresponding series of bands (discs) and of vesicles in homolo- 
gous chromosomes the relationship between the two types of conditions 
may be observed, as indicated in figures 2a and 2b. Certain discs or bands 
represent individual vesicles, while in other cases a pair of discs together 
with the intervening material combine to make a vesicle. In the latter 
case the two discs apparently represent the two faces of the vesicle. 

In some cases a thick disc which represents a vesicle looks like a pair of 
discs closely applied to one another. This suggests that the thinner discs 
which individually form vesicles may have a similar structure. If this is 
true the structures which go to form vesicles have a similarity in organi- 
zation, whether they appear as single bands or pairs of bands in prepara- 
tions showing the banded structure. 

Study of the internal structures of the discs or pairs of discs (in fixed 
material) indicates that definite differences in protoplasmic structure are 
associated with the different types of discs, suggesting chemical differences 
inthe protoplasm. This feature will be considered more in detail elsewhere. 

In addition to the discs which go to make vesicles there are numerous 
very thin ones, often appearing in the form of granular lines, which do not 
become vesiculated even in preparations showing the most extreme vesicu- 
lation. Some of these are in pairs and may represent segments which 
do not become vesiculated. Others appear to be single. Certain bands 
or lines are very faint, and seem not to represent differentiated structures, 
but merely to represent lines or rows of fine granules marking the boundary 
between what appear to be rows of alveoli in the protoplasm. If this latter 
inference is correct the more delicate ‘“‘bands’” may not be comparable to 
the more prominent ones. 
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Careful study of one region of one particular chromosome, using material 
prepared in various ways, has provided a definite pattern which includes 
all the segments, large or small, that appear regularly. A rough calcula- 
tion, based on this pattern, gives the total number of segments in the hap- 
loid set of chromosomes as at least 1500 to 2000. Whether or not these 
segments represent individual gene loci is not yet clear, but their number 
is probably sufficient to meet known requirements. 

In any event, it seems clear that the vesicles or segments, as defined 
above, represent definite units of structure in the chromosome. A striking 
illustration of this point is furnished by the special condition mentioned 
above and shown in figure 1. In one chromosome (which, of course, is 
double) one segment is represented by a vesicle that extends only half-way 
across. This vesicle is found regularly in each nucleus of these individuals, 
and is constant in form and position throughout. The evidence shows 
clearly that one of the two chromosomes of the pair possesses the segment 
and the other lacks it. The suggestion arises immediately that this may 
be a single gene locus. 

The half-segment just described is of interest also in connection with 
the transverse organization of the chromosome. In the region carrying 
this half-segment, the two chromosomes of the pair are clearly not fused to 
form a cylinder, but are attached side by side like the two barrels of a 
double barreled shotgun.* Most of the segments are continuous, showing 
that fusion of the matrix at least, has taken place; but the outline of each 
original chromosome is distinct. It is clear that the half-segment lies in 
one of these chromosomes and not in the other or in an intermediate position. 

Careful study of both fixed and living material indicates that this double 
type of structure is probably characteristic of all the chromosomes, in 
Sciara, and makes it seem probable that the two component chromosomes 
in each case are simply united side by side and, in this sense, retain their 
identity, instead of being fused into a cylinder with the components spirally 
coiled. If the segments are compound, therefore, through repeated divi- 
sion of the original chromioles, the series should, on this interpretation, 
extend in straight lines along the chromosome, or each component chromo- 
some should have its own spiral organization. It is difficult to see how 
either of these conditions could exist, however, if each segment consists of 
a rosette of units and if a real fusion of the two original chromosomes has 
occurred. It may be noted also that if, as Painter (loc. cit.) has intimated 
in the case of Drosophila, the two homologous chromosomes unite in the 
salivary glands at a late stage, after they become large and the banded 
structure is well developed, it is difficult to see how any uniform, com- 
pound spiral organization could be developed in the structure as a whole. 
Presumably each component chromosome would have its own spiral organ- 
ization by this time. 
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Conclusions on these points would be premature at present, but it may 
be noted that our evidence suggests a pairing of the two original chromo- 
somes at a time when they are in a thread-like condition comparable to 
that of the zygotene in maturation, with intimate union chromiole for 
chromiole, and a subsequent retention of that relationship without sprial 
coiling. It further suggests that the ‘‘vesicles’’ or segments, of the present 
account, represent in some manner the chromioles considered by Belling’ 
to represent genes. Whether each vesicle should on this view, represent 
two homologous chromioles partially or completely fused and greatly en- 
larged by growth, or each should be considered a compound of eight, six- 
teen, etc., units and the large size be considered a result of repeated divi- 
sion, is not clear. In our material, as already noted, each chromosome 
commonly appears as a ribbon-like structure, with a groove down the 
middle between the two components. This groove marks a definite con- 
striction in the vesicles or discs, suggesting incomplete fusion. Indeed, 
the evidence may be held to suggest that the original chromioles are only 
closely appressed due to fusion of the surrounding matrix material of the 
two original chromosomes. 


! This investigation has been aided by a grant from the NATIONAL RESEARCH COUN- 
c1L, Committee for Research in Problems of Sex. 

2 Zeits. Zelif. Mik. Anat., 17, 67 (1933). 

3 Science, 78, 585 (1933); Genetics, 19, 175-448 (1934). 

4 Lecture at Carnegie Institution, Cold Spring Harbor, N. Y., Sept. 4, 1934. 

5 Science, 80, 312 (1934). 

6 In many regions the chromosomes even appear thin and flat, like a lamp-wick. 

7 Univ. of Calif. Pub. in Bot., 14, 307 (1928). 


BODY SIZE OF RECIPROCAL HYBRIDS IN RABBIT CROSSES 
By W. E. CAsTLE 
Bussey INSTITUTION, HARVARD UNIVERSITY 


Communicated November 11, 1934 


In a previous publication! I have called attention to the theoretical im- 
portance of determining whether reciprocal crosses between races of ani- 
mals of unlike body size give identical results. 

The argument is as follows. If, as is assumed in the multiple factor 
theory of size inheritance, chromosomal genes alone function in the genetic 
determination of body size, then reciprocal crosses between pure races 
should give identical results, since the chromosome equipment of gametes 
is the same ineggsandinsperm. Strictly, this conclusion should be limited 
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to female offspring, since they alone (in mammals, as in Drosophila) would 
receive the same complement of sex chromosomes from each parent, irre- 
spective of the nature of the cross, whereas male offspring would receive an 
X-chromosome from the mother and a Y-chromosome from the father, and 
the racial source of these would differ in reciprocal crosses. But as regards 
the autosomes, the chromosome equipment derived from each parent 
should be the same in offspring of both sexes. 


For many years I have sought critical evidence as to whether genes lo- 
cated in particular chromosomes are concerned in the determination of 
body size. The results thus far obtained have been entirely negative in 
crosses between large-bodied and small-bodied rabbits. But Green? re- 
ports genetic linkage between large size of body and brown coat color in a 
species cross of mice. The qualitatively different result in the two cases 
requires explanation and is being given further investigation. 

In 1929* I reported the results of a cross between a race of small rabbits 
averaging less than 1500 grams in adult body weight and a race of large 
rabbits averaging over 5000 grams in adult weight. The cross was made 
chiefly between large race females and small race males, but a few litters 
were produced from the reciprocal cross in which the mothers were of small 
race. In table 1 and figure 2 of that paper data are given on the weight 
of the reciprocal hybrids from birth to age 52 days. These observations 
were made on a group of 18 F; young borne by large mothers and a group 
of 8 young borne by small mothers. The latter are consistently smaller 
throughout the entire period, but the difference is not great. At birth the 
8 young by small mothers averaged 55.3 grams; the 18 young by large 
mothers averaged 59.4 grams, being some 7 per cent heavier. At 52 days 
of age the respective average weights of the two groups were 1019 and 
1055, the latter being about 3.5 per cent heavier. This small difference 
was considered negligible for the object then in mind—possible genetic 
linkage between four independent color genes and body size. 


In view of the negative result of that investigation, it has seemed desir- 
able to look for a genetic agency other than chromosomes as a possible ex- 
planation of differences in the results of reciprocal crosses. But first it 
should be established beyond question that such differences exist. Conse- 
quently a renewed investigation has been made of reciprocal crosses be- 
tween races of large-bodied and small-bodied rabbits. 


As a large race, an inbred strain of New Zealand White rabbits has been 
used which ranges in adult weight from 3500 to 4000 grams. Crosses with 
this race have been made reciprocally, using three different small races, 
which we may call A, Band C. A is identical with the small race of my 
1929 paper and is under 1500 grams in average adult weight. JB is derived 
from A, in large part, but is perhaps 50 grams heavier, on the average. 
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C is wholly unrelated to A and B, consisting of a standard bred race of 
Himalayans weighing about 2000-2500 grams. 

The young produced by these reciprocal crosses were kept under opti- 
mum conditions for growth until they were four months old. The majority 
of them were nursed by foster mothers, and not more than four young were 
nursed by the same female, in order that each one might have abundant 
food. The young were weighed weekly from the time of weaning (about 
30 days of age) until age 120 days. Although they wouid not be full grown 
at this time, their relative sizes should be clearly established without com- 
plications due to puberty changes. Female rabbits are slightly heavier 
than males when full grown, owing chiefly to the earlier arrest of growth in 
males by the approach of sexual maturity. But at four months of age this 
difference has scarcely become established, and so both sexes can be 
treated together statistically. Nevertheless the data for each sex have 
been presented separately as well as combined in table 1. 


TABLE 1 


CoMPARATIVE WEIGHTS AT FouR MONTHS OF AGE OF RECIPROCAL HYBRIDS BETWEEN 
LARGE RACE AND SMALL RACE RABBITS 


NO. AV. WT. _ NO, AV. WT. 
Q9N.Z.W. X o& Race A Q Race A X op N.Z.W. 
Males 5 1964 Males 4 1825 
Females 7 1978 Females 6 2043 
Both sexes 12 1972 Both sexes 10 1956 
QN.Z.W. X o& Race B Q Race B X op‘ N.Z.W. 
Males 10 2148 Males 43 1922 
Females 7 1978 Females 52 1913 
Both sexes 17 2078 Both sexes 101 1917 
9N.Z.W. X Race C QRace C X f'N.Z.W. 
Males 4 2027 Males 7 2042 
Females 6 2130 Females 17 2094 
Both sexes 10 2089 Both sexes 24 2070 
All three crosses, males 19 2074 All three crosses, males 60 1930 
All three crosses, females 20 2024 All three crosses, females 75 1965 


All three crosses, both sexes 39 2048 All three crosses, both sexes 135 1949 


A litter of six pure bred New Zealand White rabbits averaged 2432 
grams in weight at age 120 days, whereas a litter of four Race B animals 
at the same age averaged 1215 grams. The hybrids between the two races 
show the characteristic expression of hybrid vigor, accelerated early growth, 
which makes them at four months old much nearer the large parent race. 
See table 1, second section. 

The average weight of each category of young produced by New Zea- 
land White mothers, when mated with a small race male, is shown in the 
left half of table 1. The corresponding data for the reciprocal cross are 
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shown in the right half of table 1. In four out of six cases, the young of a 
New Zealand White mother exceed in weight the young of the same sex 
produced in the reciprocal cross. The two cases in which this is not true are 
the female offspring of the Race A cross and the male offspring of the Race 
C cross, in which cases averages are based on very small numbers of indi- 
viduals (4-6). Combining the data for males and females, we find that 
in all three crosses the average weight of the young produced by a New 
Zealand White mother exceeds that of the young produced by the recipro- 
cal cross. 

If we combine the data for all three crosses (last row of table 1), it is 
found that the 39 young of New Zealand White mothers mated with small 
race males have an average weight at four months old of 2048 grams, 
whereas the 135 young of small mothers mated with New Zealand White 
males have an average weight of 1949 grams. The difference is 99 + 19.7 
grams, or five times the probable error of the difference, which is clearly 
significant. 

The variation of each of the two groups of young considered separately 
is shown in table 2. It is clear from an examination of these tables that 


TABLE 2 
VARIATION IN WEIGHT AT FouR MONTHS OF THE YOUNG PRODUCED BY THE RECIPROCAL 
CROSSES 
WEIGHT CLASSES IN HECTOGRAMS NO. MEAN Ss. D. 
15 16 17 18 19 20 21 22 23 24 
9 9N.Z.W. X oa 


Races A-—C heey me ae) Ce. See Tote Ae 39 2048 + 17 160 + 12 
9 2Races A-C X 
o'o'N.Z.W. 5 6 16 22 263416 8 1 1 185 1949210 172 + 10 


New Zealand White females, when mated with small race males, produce 
offspring some five per cent heavier at four months of age than young pro- 
duced by the reciprocal cross. This is in agreement with the observations 
reported in 1929 on a smaller number of young but from reciprocal crosses 
between races still more widely separated in body size. We may conclude, 
on the basis of both experiments, that something besides chromosomal 
genes is concerned in the determination of body size in crosses between 
races of unlike size. Conceivably it may be either genetic or non-genetic. 
If genetic, the egg cytoplasm would seem to be the most likely agency, as 
suggested in my 1933 paper. If non-genetic, some agency supplied by the 
mother during gestation might be held responsible for the observed differ- 
ence. A decision between these alternative explanations cannot be made 
at present, but must await further experimental study of the case. 


1 “The Gene Theory in Relation to Blending Inheritance,” Proc. Nat. Acad. Sci., 19, 
1011-1015 (1933). 
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2 Green, C. V., ‘‘Further Evidence of Linkage in Size Inheritance,” Amer. Nat., 67, 
377-380 (1933). 

3“‘A Further Study of Size Inheritance in Rabbits, with Special Reference to the 
Existence of Genes for Size Characters,” Jour. Exp. Zodl., 53, 421-454 (1929). 


A HYPERTRAGULID FROM THE SESPE UPPERMOST EOCENE, 
CALIFORNIA 


By CHESTER STOCK 


BALCH GRADUATE SCHOOL OF THE GEOLOGICAL SCIENCES, CALIFORNIA INSTITUTE OF 
TECHNOLOGY 


Communicated November 5, 1934 


Introduction.—It becomes increasingly clear that the faunal stage repre- 
sented at Locality 150 in the Sespe deposits north of the Simi Valley, Cali- 
fornia, marks an advance beyond the stage or stages recorded lower in the 
stratigraphic sequence of the Sespe as exposed in this region. Determina- 
tion of age of this fauna as Eocene is maintained for the reasons stated in 
the first paper’ announcing the discovery of Eocene mammals in California. 
Future survey of the fauna as a whole and recognition of relationships of 
the assemblage to comparable faunas found elsewhere may contribute 
toward elevating rather than toward depressing the fauna in the geologic 
time scale. It suffices for the present to state that the assemblage appears 
to be close to or within the Eocene-Oligocene transition period in the Terti- 
ary history of vertebrate life for North America. In order to distinguish 
this stage from the upper Eocene fauna or faunas occurring lower in the 
Sespe section, the age designation uppermost Eocene is now applied to the 
assemblage. 

The following mammals from Locality 150 have been specifically deter- 
mined : 

Hyznodon vetus 

Hyznodon (Protohyzenodon) exiguus 

Pterodon californicus 

Pleurocyon (Simidectes) merriami 

Chumashius balchi 

Amynodontopsis bodei 
To this list is now added a hypertragulid related to the Oligocene genus 
ITypertragulus. 

FAMILY HYPERTRAGULIDAE 


Simimeryx hudsont, n. gen. and n. sp. 


Type Specimen.—Fragment of palate with P2 — M3, No. 1764 C.I.T. 
Vert. Pale. Coll., plate 1, figures 1, la. 
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Paratype —Ramus of mandible with P1— M3, No. 1244 C.I.T.., plate 1, 
figures 2, 2a. 

Referred Specimen.—A fragment of the maxillary with P3 and P4, No. 
1354, plate 1, figure 3. 

Locality.—Sespe deposits, north of the Simi Valley, Ventura County, 
California, Locality 150 C.I.T. Vert. Pale. 

Generic and Specific Characters——Molar teeth with shorter crowns than 
in Hypertragulus. Upper molars with anterior intermediate cusp (proto- 
conule); parastyle prominent and broadly rounded, not compressed antero- 
posteriorly as in Hypertragulus. Mesostyle absent, but external cingulum 
present. Internal cingulum present at base of posterior crescent in M1 
and M2. Shelf present on inner side of molar teeth between inner cres- 
cents, but no pillar. Inner cusp on P4 not crescentic. P2— P4 forma 
closed series. P4 with shallow posterior basin. Size near that of Hyper- 
tragulus calcaratus or smaller. The species is named for Dr. Frank S. Hud- 
son of the Shell Company of California, who directed my attention to the 
Sespe deposits as exposed north of the Simi Valley. 

Comparisons.—Remnants of the palate in the type specimen show the 
position of a palatine foramen opposite the posterior half of P3. Three 
upper premolars are present in the type specimen, although P3 is imper- 
fectly preserved. The premolars are distinctly more like those of Hyper- 
tragulus than like those of Leptomeryx. P2 is reduced in size and, as in 
Hypertragulus, has a simple laterally compressed crown. P3 is complete 
in the referred specimen, No. 1354. The external surface of this tooth does 
not show quite so well marked a groove or concavity posterior to the prin- 
cipal cusp. However, the concavity is much better defined in the type 
specimen, No. 1764, than in No. 1354. The tooth is wider transversely and 
the inner cuspule is more distinct than in Hypertragulus. Moreover, the 
anterior basal tubercle is better developed than in the latter. In P4 the 
posterior cingulum extends well around on the inner side of the base of the 
inner cusp and may actually encircle the inner side as in the referred speci- 
men, No. 1354. Although the posterior wing of the inner cusp may be but 
feebly developed in Hypertragulus, it is absent in Simimeryx and there is 
a distinctly less tendency in the latter to outline a fossette between the 
opposed walls of the outer and inner cusps than in the Oligocene genus. 

In each of the upper molars, the transverse diameter measured across 
the protocone is distinctly greater than that across the posterior crescent, 
and this feature becomes progressively more marked from the first to last 
molar, inclusive. The crowns of these teeth are strikingly like those in 
Hyperiragulus with some noteworthy exceptions. Distinctly primitive 
features, in which the molars differ from those of the Oligocene genus, are 
(1) shorter crowns and (2) presence of a protoconule. This tiny but well 
marked cuspule is present on each of the molars in the type specimen. As 
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in Hypertragulus, a mesostyle is absent. In this respect Simimeryx differs 
from Leptomeryx and from Bunomeryx. The parastyle forms a broadly 
rounded, antero-external pillar, which differs noticeably in shape from the 
compressed style seen in Hypertragulus. The parastyle connects with the 
anterior crest extending outward from the antero-internal cusp as in the 
Mongolian genus Archeomeryx. 





PLATE 1 


Simimeryx hudsoni, n. gen. and n. sp. 

Figures 1, la, type specimen, fragment of maxillary with P2 — M3, No. 1764; lateral 
and occlusal views; X 11/2. 

Figures 2, 2a, paratype, right ramus with Pl — M3, No. 1244; lateral and occlusal 
views; X 11/s. 

Figure 3, referred specimen, fragment of maxillary with P3 and P4, No. 1354; occlu- 
sal view; X 1!/s. 

California Institute of Technology Collections. Sespe Uppermost Eocene, California. 


In the ramus of the mandible an anterior mental foramen is situated be- 
neath P2 and a posterior foramen may be present below P4. Unfortu- 
nately, with the exception of the lower caniniform tooth, nothing is known 
concerning the anterior teeth. As in Hypertragulus, a diastema separates 
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P2 from a caniniform tooth in front of it, but this hiatus in the tooth-row 
is not so great as in the Oligocene form. The three posterior premolars 
form a closed series in Simimeryx, whereas in Hypertragulus P2 is separated 
from P3 by a short diastema. One may infer, perhaps, from the lack of 
spacing of the second lower premolar that the snout in the Sespe form was 
not so long as in Hypertragulus. P2, as viewed from the external side, 
resembles that tooth in Hypertragulus. In P4 the anterior crest extend- 
ing downward and forward from the principal cusp turns inward and 
terminates in an antero-internal pillar. On the specimens available show- 
ing this tooth no separation is seen between the principal cusp and an 
internal accessory cusp. These two cusps are closely joined, if indeed the 
latter is present at all. Only a slight separation is evident in Hypertragulus, 
but in Leptotragulus a distinctly formed inner cusp is present. In Simi- 
meryx the posterior portion of the crown forms a shallow basin which is 
bordered on three sides by crests. In Leptotragulus the rim bordering the 
basin may be more strongly developed and a minute spur projects into the 
basin. The external crescents of the lower molars exhibit less tendency 
to join with the inner cusps. Thus, for example, the posterior wing of the 
postero-external cusp remains distinct from the posterior ridge of the 
postero-internal cusp in moderately worn teeth, while in Hypertragulus a 
firm union has been established between the two at this stage. Similarly, 
the inner wall of the posterior lobe in M3 is not joined firmly with the pos- 
terior crest of the cusp in front. No inner cusp is present on the inner rim 
of the posterior lobe in M3 as in Leptotragulus. 

Relationships.—The characters presented in the dentition of Simimeryx 
strongly suggest a position for this genus in or near the line of development 
leading toward Hypertragulus. The occurrence of the Sespe type in the 
sequence of Tertiary faunal stages accords with this view. Although 
relationship to the Oligocene and lower Miocene genus is apparent, the 
relationships of Simimeryx to earlier Eocene artiodactyls are more difficult 
to establish on the basis of present information. 

The upper molars in the Uinta genus Bunomeryx possess a mesostyle. 
Among the several genera described by Peterson? from the Uinta, Hylo- 
meryx does not appear to have any special relationship to our type. Sphe- 
nomeryx resembles Simimeryx in absence of mesostyle in upper molars but 
differs in presence of a reduced parastyle in these teeth, as well as in the 
farther posterior position of the inner cusp in P3. Mesomeryx, on the 
other hand, appears to make a closer approach to the Sespe genus. How- 
ever, the following differences are noted when Simimeryx is compared with 
this form: (1) in P3 the inner cusp is farther removed from the principal 
cusp and is much better defined. As a result the basal outline of the tooth 
is wholly different. Moreover, the principal cusp is farther removed from 
the anterior end of the tooth. (2) A greater discrepancy in size exists be- 
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tween the inner and outer cusps in P4; (3) The molars have a different 
shape, being longer anteroposteriorly with reference to their width. 
Furthermore, the inner anterior corner in these teethismore prominent. The 
molars in the Uinta genus are described as being rather more selenodont 
than bunodont. In Simimeryx the anterior crest of the anterointernal cusp 
extends toward and is connected with the parastyle, whereas in M1 and 
M2 of Mesomeryx such a connection is not established. Although a pro- 
toconule has not been recognized in the type specimen of Mesomeryx, 
it is possible that this cuspule has been obliterated through wear. 

Archeomeryx of the later Eocene Shara Murun formation, Mongolia,’ re- 
sembles the Sespe type rather closely in stage of evolution of the cheek- 
teeth. Significant differences in the upper molar dentition are (1) pres- 
ence of a mesostyle and (2) absence of the anterior intermediate cusp 
(protoconule). Less resemblance to the Californian form is displayed by 
the species of Lophiomeryx and Miomeryx, described from the Ardyn Obo 
of Mongolia.‘ 


MEASUREMENTS (IN MILLIMETERS) 


Simimeryx hudsont, 
n. gen. and n. sp, 
Type No. 1764 


ier: 
Length from anterior end of P2 to posterior end of M3 28.7 
Length from anterior end of P2 to posterior end of P4 13.6 
Length of molar series from antero-external corner of M1 to pos- 
tero-external corner of M3 15.7 
Simimeryx hudsoni, 
n. gen. and n. sp. 
Paratype No. 1244 
CLT. 
Length from anterior end of P1 to posterior end of M3 42.4 
Length from anterior end of P2 to posterior end of M3 33.8 
Length of diastema in front of P2 4.9 
Length from anterior end of P1 to posterior end of P4 22.9 
Length of molar series 19.5 
Depth of ramus below anterior end of M3 10.3 
Depth of ramus below anterior end of P2 733 


1 Stock, C., Proc. Nat. Acad. Sct., 18, 523 (1932). 

2 Peterson, O. A., Ann. Carnegie Mus., 12, 66-75, pls. 36-37 (1919). 

3 Matthew, W. D., and Granger, W., Amer. Mus. Nov., No. 196 (1925). 
4 Matthew, W. D., and Granger, W., Jbid., No. 195 (1925). 
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ULTRA-VIOLET TRANSMISSION CHANGES IN GLASS AS A 

FUNCTION OF THE WAVE-LENGTH OF THE RADIATION 
STIMULUS 


By W. W. CoBLENTZ AND R. STAIR 
NATIONAL BUREAU OF STANDARDS 


Communicated November 15, 1934 


During the past two years the writers have been investigating photo- 
chemical changes in glass produced by exposure to homogeneous ultra- 
violet radiation of different wave-lengths of known energy value. A de- 
scription of the preliminary results obtained is in press.1 Recently we 
have extended the calculations of these data, the results of which appear 
worthy of permanent record. 

The experimental procedure of this investigation is to expose the glass 
(e.g., a soda-iime-silica glass, highly transparent to short wave-length 
ultra-violet radiation) to spectroscopically isolated, homogeneous, ultra- 
violet radiation, from a quartz mercury arc lamp, which has the property 
of profoundly modifying the ultra-violet transparency of the glass. 

This change in spectral transmission (which differs in magnitude for ex- 
posure to different wave-lengths), occurs in a wide band, that begins at 
about 405 my and extends, without indentations, to an undetermined wave- 
length into the extreme ultra-violet, where it is masked by the great opacity 
characteristic of glasses containing silica. 

In the absence of a chemical analysis, the absorption spectrum is used 
as a criterion for judging the magnitude of the photochemical change in the 
glass. 

Since the ultra-violet spectral transmission curves, resulting from ex- 
posure to radiation of different wave-lengths and with time of exposure to 
a given wave-length, are similar, it is sufficient to determine the change in 
transmission by making observations at wave-length 302 mu. 

The outstanding results of this research are that in the soda-lime-silica 
and soda-silica? glasses examined (whether or not they contained an appre- 
ciable amount of iron oxide), stages in photochemical equilibrium were 
found, which are different for each wave-length of homogeneous radiation 
to which the glass reacts. In contrast, a sample of potash-lime-silica 
glass, which in a thickness of 2.6 mm. is highly transparent to the ultra- 
violet (transmission = 16% at 254 my) was not appreciably affected by 
ultra-violet radiation—other than a slight blackening at the surface ex- 
posed to the lamp. From the data on these three kinds of glass it appears 
that the soda is the photosensitive constituent in a soda-lime-silica glass. 

At each equilibrium level the soda-lime-silica glass seems to behave like 
any non-photosensitive glass. To attain this equilibrium, the reaction, 
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caused by a given wave-length, is in the direction to either increase or de- 
crease the transmission, depending upon the existing condition developed 
by previous heat treatment or by previous exposure to other wave-lengths 
to which the glass reacts. 

Using homogeneous radiation, no wave-length (at least not for wave- 
lengths shorter than and including 365 my) was found that has the exclusive 
property of either increasing or decreasing the ultra-violet transmission in 
the soda-lime-silica glasses examined. 

The longest wave-length having an appreciable photochemical action on 
a soda-lime-silica glass is at about 405 my. For wave-lengths 365 my and 
shorter, the photochemical action, as determined by the equilibrium levels 
in spectral absorption, is a function of the wave-length (the frequency) 
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of the radiation stimulus; the shorter the wave-length the greater the 
photochemical action in the direction of greater absorption. 

In contrast with a soda-lime-silica glass, a phosphate-lime glass (contain- 
ing oxides of Al, B, Na, Mg, Siand Fe as minor constituents) is depreciated 
in ultra-violet transmission only by wave-lengths shorter than about 290 muy. 
After depreciation, the ultra-violet spectral transmission curve of the phos- 
phate-lime glass is similar to that of a soda-lime-silica glass. Nevertheless, 
exposure of the depreciated phosphate-lime glass to homogeneous radiation 
of wave-lengths 297 to 365 my does not appreciate the transmission, as is 
the case in the soda-lime-silica glass. In other words, in contrast with the 
soda-lime-silica glass, certain wave-lengths have the property of decreas- 
ing the ultra-violet transmission of a (Corex A) phosphate-lime glass; but 
in the spectral range investigated no reverse reaction was observed. 

In figure 1 are shown the observed changes in density (transmission) 
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produced by different wave-lengths, depicted in the order in which the ob- 
servations were made, beginning with homogeneous radiation of wave- 
length at 313 my as the stimulus. Prior to this the glass had been exposed 
to the total radiation from a quartz mercury are which reduced the trans- 
mission to the point indicated on the chart. The abscissas represent the 
total radiant energy absorbed in the glass, no distinction being made be- 
tween the amount absorbed by the main constituents of the glass, and the 
amount absorbed by the photosensitive substance which undergoes a 
photochemical reaction, indicated by the change in transmission. The 
ordinates indicate the optical density [= log (1 + transmittance) ] of the 
glass at wave-length 302 mu. For convenience in reference the scale of 
the per cent transmissions is also indicated. 

The curves in figure 1 show the energy absorbed in the glass in changing 
from one equilibrium level to another, and serve the purpose of depicting 
the observations in a connected manner; but without further data, they 
cannot be used to elucidate several important questions. For example, 
the rate of transition in going from one equilibrium level to another de- 
pends upon the starting point and cannot be determined directly from the 
data illustrated in figure 1. Thus, the slopes of the transmission curves 
for irradiation with the 365 my-line and with the 254 my-line are not com- 
parable, because the one was observed at the initial stage and the other at 
the final stage of the reaction. The slope of the recovery curve using the 
365 my-line appears steeper than the depreciation curve using the 254 mu- 
line. However, if the latter curve had been observed beginning at the 
equilibrium level at 29 per cent, as indicated by the dotted line in figure 1, 
the slope of the transmission curve at the initial part of the photochemical 
reaction to the 254 my-line appears to be just as steep as that for the 
365 my-emission line at its initial stage. 

Manifestly, as indicated in figure 1, the total energy required to attain 
equilibrium depends upon the existing condition of the photosensitive ma- 
terial. From an inspection of the sections of the curves in figure 1, it ap- 
pears that the total energy absorbed in going from one equilibrium level to 
a lower equilibrium level is greater than that absorbed in returning to the 
original equilibrium level. Further investigation is required to determine 
whether this is generally true, and whether it is owing to a difference in the 
heat of formation and heat of dissociation of the photosensitive sub- 
stance. 

As already noted the main constituents of the glass are almost completely 
opaque to radiation of wave-lengths 280 my and shorter, whereas at wave- 
lengths longer than 365 my (to 405 my) only 2 to 3 per cent of the incident 
radiation is absorbed by the glass. From this it can be seen that, for wave- 
lengths 254 my and shorter, the depth of penetration is shallow and that 
the greatest photochemical action occurs near the surface of the glass fac- 
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ing the incident radiation. On the other hand, for the wave-lengths 365 
my and longer, the penetration is deep and, during the process of formation 
and disintegration of the photosensitive substances, the concentration is 
more uniform throughout the irradiated layer of glass. 

In view of the foregoing considerations it is evidently desirable to obtain 
some idea of the energy relations directly involved in the photochemical 
reactions. Without a chemical analysis data are lacking regarding the 
concentration of the photosensitive substance. The only basic reference 
point is an equilibrium state where (as evidenced by the constant value of 
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the transmission) no further chemical change is produced by a given wave- 
length, and the energy absorbed is apparently converted into heat, just as 
presumably occurs in any glass not containing a photosensitive material. 
Using these equilibrium levels as reference points, and using the observed 
changes in transmission (density) as a measure of changes in concentration 
of the photosensitive substance, the energies involved in the formation and 
disintegration of the photosensitive substance are worked out in the follow- 
ing manner. At any given absorption (transmission) level above or below 
the equilibrium state it is assumed that the absorbed energy, which is used 
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in producing a chemical change, is proportional to the difference between 
the per cent absorption at the given level and at the equilibrium level. 
For an interval in which there is a continuous change in absorption the 
total chemical change is assumed to be proportional to the average excess 
(or shortage) of the absorption at the given interval over that at the equi- 
librium state. For the small concentrations of the substances formed (or 
decomposed), the average total energy utilized during a given interval 
should be independent of whether the maximum absorption is at the be- 
ginning or the end of the exposure. 

The following numerical examples are given showing how the various 
points of the curves in figure 2 are obtained. The wave-length of exciting 
radiation at 365 my (points U,V and VW in Fig. 1) is selected, since it re- 
quires auxiliary data, on the per cent transmission (absorption) at this 
wave-length, not shown in the illustration. For the first exposure interval 
(U to V in Fig. 1) the observed initial and final transmissions at 302 my 
were 20.0% and 22.4%, respectively. The corresponding absorption 
values at 365 my are 11.8% and 9.7% and the equilibrium level of absorp- 
tion at 365 mu corresponding to a transmission of 29% at 302 my, is 5.2%. 
The change from 11.8% to 9.7% gives an average difference of 5.55% 
above the equilibrium level (5.2%). The product of this difference 
(5.55%) the intensity (1105 uww/cm.?) and the time (23.75 hours) gives the 
energy (52.4 X 10° ergs/cm*.)/associated with this interval—point V, 
figure 2. 

For the point W, the transmission values at 302 my are 22.4% and 
24.9%, respectively. The corresponding absorption values at 365 my are 
9.7% and 7.7%. This gives an average difference of 3.5% above the 
equilibrium level (5.2%). The product of this difference (3.5%), the in- 
tensity (1105 ww/cm.?) and the time (49.6 hours) gives the energy (69.1 X 
10° ergs/cm.’) associated with this interva]. Adding this to the value (52.4 
x 10° ergs/cm.*) for the previous interval gives a total of 121.5 x 10° 
ergs/cm.*—point W in figure 2. 

Using the emission line at 302 my for the exciting radiation the calcula- 
tions are more obvious. For example in the first test of appreciation in 
transmission of the glass by exposure to the emission line at 302 my (point 
X, Fig. 1), the transmission increased from 17.7 per cent to 20.3 per cent, 
(the absorption decreased from 78.1 to 75.5%)—an average difference of 
1.9 per cent below the equilibrium level (20.9 per cent transmission; 74.9 
per cent absorption) during this interval. For a linear change in absorp- 
tion, the product of this difference (1.9), the intensity (405 yw/cm.?) and 
the time of exposure (14.7 hours) gives the energy (4.1 10° ergs / cm.?), 
associated with the change noted during this interval—see X in figure 2. 

The data at hand are not sufficient for a complete analysis, for all the 
wave-lengths used. From the slopes of the lines, in figure 2 A, it appears 
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that the longer the wave-length (the lower the frequency) of the exciting 
radiation, the greater the amount of energy associated with the same 
photochemical change in the glass. The straight line relation of the data, 
indicated in figure 2, is suggestive and requires further investigation. This 
method of portraying the observations is not entirely free from shortcom- 
ings. However, if further research substantiates the correctness of the 
procedure it should prove a useful method of analyzing this type of photo- 
chemical reaction. 

As a final remark it is relevant to note that, in the spectral range investi- 
gated, the shortest and the longest wave-lengths have the power of produc- 
ing the greatest photochemical changes; the former in depreciating, the 
latter in appreciating the ultra-violet transmission of a soda-lime-silica 
glass. 


1 Coblentz, W. W., and Stair, R., Jr. of Res., Nat. Bur. Stds., 13, 773, Dec. (R.P. 744) 
(1934). 

2? The samples of soda-lime-silica, soda-lime and potash-lime-silica glass, composed 
of pure materials, melted in a platinum crucible, were supplied by A. N. Finn of the 
Glass Section of the National Bureau of Standards. 


ON THE EXPANSION OR CONTRACTION OF A SYMMETRICAL 
CLOUD UNDER THE INFLUENCE OF GRAVITY 


By J. L. SYNGE 
DEPARTMENT OF APPLIED MATHEMATICS, UNIVERSITY OF TORONTO 


Communicated October 27, 1934 


1. Tolman’ has undertaken a direct investigation of the history of a 
universe possessing radial symmetry, in which the matter consists of 
particles whose world-lines form a congruence (i.e., there is no chaotic 
motion). * In the present note I do not pursue the method of Tolman, but 
suggest another point of view, which has much to recommend it on the 
score of mathematical simplicity. The starting point of investigations 
of this sort is usually the set of field equations* 


Ry + gig = —«(Tiz — 27). (1) 


Their use in this form involves the calculation of the Ricci tensor Rj. 
In the present paper no such calculation is necessary: we employ invariant 
equations consequent on (1). 

2. Let there be a universe containing ordered matter, that is, a system 
of particles without chaotic motion and without interaction except through 
the field equations (1). The congruence of their world-lines is specified 
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by the unit tangent vector yu’: these world-lines are of course geodesics. 
Let the proper density be p. We shall assume that the universe is sym- 
metric with respect to one of these geodesics Cp. We shall not trouble to 
give a formal definition of the word “‘symmetric’’ in this connection; the 
significance attached to it will be evident in the sequel. We know* that 
if py’ is any unit vector, then 


—e(v)R,v'v? = DK, (2) 
where ¢(v) is the indicator of »’, chosen equal to +1 or —1 to make 
e(v)vv* = +1, 


and 2K is the sum of the Riemannian curvatures of the three 2-elements 
containing v’ and another vector of an orthogonal tetrad having »’ for a 
member. 

Let us choose at any point on Cy an orthogonal tetrad, one of whose 
constituent vectors (labeled 4) points along Cy; let the other three mem- 
bers be labeled 1, 2, 3. Let us denote the corresponding Riemannian 
curvatures by 


Kos, Ka, Ky, Ku, Kx, Ku. 
The assumed symmetry of space-time with respect to C) tells us that 
Kes = Kn = Kw (= K', say); Ku = Ku = Ku (= K, say). (3) 


Let us take for space-time the signature + + + —, so that the in- 
dicator of yu’ is e(u) = —1. 


i 


Let us apply (2) at a point on Co, taking first »* = y’. 
Riui? = Ku+ Ku+ Ky = 3K. (4) 


It gives 


Now let »’ be the unit vector 1 of the orthogonal tetrad: we get 
—Ry'v = Ky + Ky + Ku = K + 2K’. (5) 
But the field equations (1) give 3 
Riu? — 9 = —x(Typ'y? + 57), 
Ry’? + = —K(Tyv'v? — 37), (6) 
and so, with (4) and (5), we have 


K=)- 3a(Tygu'n? + ag 


K + 2K’ = + «(T,'v' — 47). (7) 


For an ordered system of particles of the type considered 


Ty = pum; T = —p; (8) 
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when these are substituted in (7) we get 


K = 3A pi: ee 


K’ =) + deo. - 


These are the two principal Riemannian curvatures at any point on the axis 
of symmetry of the universe. 

3. Let us now consider the cloud of particles in the immediate neigh- 
borhood uf Co. Let » be the magnitude of the normal displacement from 
Cy to a neighboring world-line C: it satisfies the differential equation‘ 


dm 50; 56° 
qt AN 1S (10) 


where s is the arc of Co, and 6’ is a unit vector in the direction of the dis- 
placement 7. But it follows from the assumed symmetry of the distribu- 
tion that @ is propagated parallelly along Cy: the right-hand side of 
(10) vanishes, and we have 


d*n 
qa ~ Kn = 9, (11) 
or, by (9), 
dn 
re (X — gxp)n = 0. (12) 


But proper mass is conserved: this is an analytical consequence of the 
field equations (1) and the form (8) for the energy tensor. Therefore, 
again using the assumed symmetry, 


pn® = const. = por’, (18) 


where pp is the proper density and 7 the value of n fors = 0. Substituting 
in (12), and writing 


§ = n/n, (14) 
we have 


d? K 
me + hGH. (15) 
This ts the differential equation which controls the expansion or contraction 
of the small cloud of particles in the neighborhood of Co, & being the ratio of 
the radius of the cloud at any instant to the initial radius. 

4. Instead of integrating (15) formally, it is more interesting to inter- 
pret the results graphically. Let us define 


v = dt/ds, (16) 
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so that mv is the rate of increase of the radius of the cloud, measured with 
respect to proper time of Co. Then 


at dv 


dst” dé i a 
and (15) becomes 
dv Kpo 
‘in ie tA M8. (18) 
or, on integration, 
K, 
pea =A, (19) 


a constant. 

We now prepare a diagram (Fig. 1), in which (é, v) are represented 
by rectangular Cartesian coérdinates. 
Each curve corresponds to an assigned 
value of the constant A, and repre- 
sents a possible history of the cloud. 
The arrows indicate the sense in time: 
since ds > 0, it follows from (16) that 


dé/v >0, (20) 


so that ¢ is increasing for positive 
values of v, and decreasing for negative 








Tt 


5 values of v. 

It follows from (18) that when v 
= 0 we have an infinite value for 
dv/dt, except when 

1/3 
Kpo 
ae (2) , (21) 
This gives a singular point P in the 
diagram. The value of A for the 
FIGURE 1 curves through this point is 
an 1/3 kp fs 
A= ten (™) er’ () (22) 
Kpo 2d 


The following fact is immediately evident from figure 1: No oscillation 
of the cloud is possible: its radius has at most one maximum or one minimum. 

5. Let us now make a systematic study of all possible histories of the 
cloud, remembering that, by (14), § = 1 fors = 0. 














5 ts See aD 
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Case I (Dense cloud). 


Let us suppose that, for s = 0, 


4 ia 23 
nr rx (23) 


This implies that the line § = 1 lies to the left of Pin figurel. Since A 

increases steadily as we increase v*, holding & fixed, it follows that there 

are the following three possibilities for the future history of a dense cloud. 
Ia. If the initial rate of increase of its radius (mov) exceeds 


2h ar 
no(3 Kpo) ar +3 (>) — 3 (>) | ; (24) 


the cloud expands steadily and indefinitely. 
Ib. If the initial rate of increase of its radius (mv) is equal to the 
critical value (24), the cloud continues to expand, its radius tending asymp- 


totically to the value 
1fs 
(2) ' 
No Dr sad 


Ic. If the initial rate of increase of its radius (mv) is less than the 
critical value (24), or if its radius is initially stationary or decreasing, the 
radius of the cloud ultimately tends to zero. 


Case II (Light cloud). 


Let us now deal similarly with the case where 


~ <1 = 26 
» < or p< 7 (26) 


Now the line & = 1 lies to the right of P in figure 1, and we have the fol- 
lowing three possibilities for the future history of a light cloud. 

IIa. If the initial rate of decrease of its radius (—v) exceeds the 
critical value (24), the radius of the cloud tends steadily to zero. 

IIb. If the initial rate of decrease of its radius (—v) is equal to the 
critical value (24), the cloud continues to contract, its radius tending 
asymptotically to the value (25). 

IIc. If the initial rate of decrease of its radius (—v) is less than 
the critical value (24), or if its radius is initially stationary or increasing, 
the cloud expands indefinitely. 

Figure 1 is only intended to indicate the general nature of the curves: 
it is drawn for \ = 3, xpo = 6, for the sake of simplicity. Thus it actually 
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corresponds to the case which separates the heavy cloud from the light 
cloud, but it illustrates the general features of either case. 


1R. C. Tolman, “Effect of Inhomogeneity on Cosmological Models,” Proc. Nat. 
Acad. Sci., 20, 169-176 (1934). 

2 Cf. W. Pauli, “‘Relativitatstheorie,”” Encykl. d. Math. Wiss., V,19, p. 746. I fol- 
low Pauli in taking the signature + + + — for the fundamental form in space-time. 

3L. P. Eisenhart, Riemannian Geometry, p. 113 (1926). 

4 This is the modification to our case, where the line-element is indefinite, of equation 
(9.23), p. 102, of a paper “On the Geometry of Dynamics,’ Phil. Trans. Roy. Soc., 
A 226 (1926). 


TO WHAT EXTENT IS DEVELOPMENTAL BLOCK DEPENDENT 
UPON THE METABOLIC ACTIVITY OF THE EMBRYONIC CELL?* 


By JosePH HALL BODINE 
ZOOLOGICAL LABORATORY, STATE UNIVERSITY OF IOWA 


Communicated October 24, 1934 


Developmental blocks or diapause in the embryonic life of certain insects 
are of considerable biological interest since their solution may perhaps give 
important clues as to the workings of the normal embryonic cell. As 
experimental materials such forms are of value in that these developmental 
blocks seem of internal origin and are quite independent of environmental 
conditions for their occurrence. At the same time it has also been possible 
to artificially produce developmental blocks resembling, to some degree, 
those normally found in nature (Slifer;‘ Bodine”). Some ideas of the 
mechanism producing these blocks or diapause in the embryo of the grass- 
hopper, Melanoplus differentialis, have recently been advanced (Bodine’). 
It is the purpose of the present paper to show, (1) that the block mecha- 
nism in the developing egg of M. differentialis is not primarily concerned 
with the general oxidative metabolism of the cell, and (2) that the oxida- 
tion limits of the blocked cell may be modified without interfering in any 
way with the working of the block mechanism. 

Use has been made of the fact that the egg of this form is protected by a 
semipermeable membrane which normally allows water, but not salts, to 
pass through freely (Slifer;* Bodine?). Water removed from the growing 
embryo results in reversible cessation of cellular activity, lowering of oxy- 
gen consumption rates, etc. (Slifer;‘ Bodine’). Since cellular activity, 
such as mitosis, growth, etc., are normally blocked in embryos during dia- 
pause (Slifer‘), it becomes of some interest to determine the extent to 
which the block mechanism and oxidative metabolism can be influenced by 
withdrawal and addition of water to the cells. Actively developing and 
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blocked eggs of the grasshopper, M. differentialis, in comparable morpho- 
logical stages of development (3 weeks at 25°C.), have been subjected to 
balanced hypertonic solutions and their rates of oxygen intake followed by 
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FIGURE 1 


Graphs showing effects of different strengths of hypertonic balanced 
salt solutions on oxygen consumption rates of blocked or diapause eggs. 
Ordinates, millimeter change of manometer fluid per egg per hour.—Abscissa, 
time in days indicated. Solid lines, blocked or diapause eggs in normal iso- 
tonic solution. Broken lines, diapause eggs in hypertonic balanced salt 
solutions. Points designated on abscissa indicate time of application of salt 
solution. For 3 N solution, 120 eggs were used; for 5 N, 200 eggs; for 7 N, 
100 eggs; for 10 N, 100 eggs. Normal and experimental eggs were run in 
same manometer. For further explanation see text. 
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means of the modified Krogh manometer at constant temperatures of 25° 
and 28°C. The balanced salt solution employed was a modified Ringer as 
previously described (Slifer;* Bodine*). Eggs have been used in lots of 5 
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FIGURE 2 


Shows effect of hypertonic balanced salt solutions on oxygen consumption 
rates of developing and blocked embryos. Solid lines (A) for developing and 
(B) for blocked eggs in normal isotonic solution. Broken lines for eggs in 
normal isotonic solution. Broken lines for eggs in hypertonic balanced salt 
solutions as indicated. For 8 N solution, 200 developing eggs and 200 blocked 
eggs; for 5 N solution, 200 developing eggs and 200 blocked eggs. Other- 
wise same as figure 1. 


and 10 and average results expressed graphically since, in general, all 
experimental results have been qualitatively similar. 
It is of some importance to note that in the developing embryos at the 3- 
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week stage very little if any movement is evident except for a pulsating 
wave of the lateral body walls (Slifer*). In the blocked or diapause em- 
bryo no cellular or body activity can be detected. The effects of water loss, 
as well as changes in oxygen consumption rates, in the two types of embryos 
cannot be due to any great extent to the cessation of activity as usually 
found in similar experiments on higher and more fully developed organ- 
isms. 

Results for blocked or diapause eggs treated with various concentrations 
of balanced hypertonic solutions are graphically shown in figure 1. From 
an inspection of this figure it will be seen that as the cells become de- 
hydrated their oxygen consumption rates drop to a more or less constant 
value depending upon the relative strength of solution employed. The 
decrease in rate of oxygen consumption is to some extent dependent upon 
the concentration of the solution employed since a marked drop is noted in 
going from a 3 N toa 10 N solution as shown in graphs of figure 1. A point 
of further interest is that the minimum oxygen consumption rate for the egg 
is relatively quickly reached in the 10 N solution. Reversibility in the 
diapause egg, as previously pointed out for the developing one (Bodine’), 
is dependent to a great degree upon the length of the period of exposure as 
well as upon the concentration of the solution applied. It is worthy of note 
that upon return of treated diapause eggs to normal solutions the oxygen 
consumption rate returns to the same value as originally given for un- 
treated diapause eggs. This fact is of considerable interest since it affords 
opportunity to test out and compare the relative effects of dehydration on 
blocked and developing embryonic cells. 

In figure 2 are graphically shown results for developing and blocked eggs 
exposed to the same strengths of hypertonic solutions. From an inspection 
of this figure it will be noted that for both normal and blocked eggs the 
reduction in oxygen consumption rates is approximately to the same level 
but that when the eggs are again returned to normal solutions recovery of 
the oxygen consumption rates of the two types of eggs is approximately to 
their original values. It is, perhaps, a logical conclusion to infer that the 
block mechanism whatever be its nature, is quite independent of the oxi- 
dative mechanism in so far as a decrease in its rate is concerned. One can, 
perhaps, further infer that the oxygen consumption rate is a result of the 
block and not a cause. Such a result seems to lend support to recent con- 
cepts expressed as to the mechanism of the normally occurring block in the 
diapause type of egg (Bodine’). 

In addition it should be pointed out that the results of these experiments 
seem to show that osmotic effects can definitely be shown to occur in the 
oxygen consumption rates of cells in which body movement, mitosis, etc., 
are almost completely absent. 

Summary.—(1) Studies have been made on the action of hypertonic 
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balanced salt solutions on the oxygen consumption rates of blocked or dia- 
pause eggs of the grasshopper, Melanoplus differentialis. 

(2) The block or diapause mechanism in the developing egg of this form 
is not primarily dependent upon the general oxidative metabolism of the 
cell. 

(3) Changes in the rates of oxygen consumption of the blocked or dia- 
pause cell are possible without interfering in any way with the working of 
the block mechanism. 


* Acknowledgment is made to the Rockefeller Foundation for grant for work on 
Cellular Physiology. 

1 Bodine, J. H., Physiol. Zodl., 5, 549-554 (1932). 

? Bodine, J. H., Ibid., 6, 150-158 (1933). 

3 Slifer, E. H., Biol. Zentralbl., 52, 223-229 (1932). 

4 Slifer, E. H., J. Exp. Zoél., 67, 137-157 (1934). 


A THEORETICAL BASIS FOR INTENSITY DISCRIMINATION IN 
VISION 


By SELIG HECHT 
LABORATORY OF BIOPHYSICS, COLUMBIA UNiVERSITY 


Communicated October 19, 1934 


The problem of intensity recognition and discrimination, though recog- 
nized and approximately formulated by Bouguer' in 1760, received its first 
quantitative statement by Fechner in 1860 on the basis of the work of 
Weber in 1834. If the prevailing intensity of a visual field is J, and that of 
a just perceptibly brighter portion of it is J + AJ, then Fechner assumed 
that the ratio AJ/J remains constant regardless of the value of J. Aubert? 
was the first to show by measurements that this assumption is contrary to 
fact, and his results have been corroborated by a variety of workers during 
the last seventy-five years. Instead of AI/J being constant, it is found to 
vary regularly from as much as '/; at low intensities to as little as '/,7 at 
high intensities. 

The classic research on the way in which AJ/J varies with J has been the 
work of Koenig and Brodhun.* They found, as had Aubert, that as J 
increased, AI/I decreased. In addition, they found that with further 
increase in intensity AJ/I againrose. This rise at high intensities has been 
generally accepted, and has formed a critical part of the theoretical explana- 
tions which first Piitter* and later I'*® gave for the phenomenon and which 
have recently been reiterated by Houstoun.°® 

In the last two years the picture has changed fundamentally with respect 
to this rise in the fraction AI/J at high intensities. In the first place, the 
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intensity discrimination of the bee as measured by Wolf,’ and of Drosophila 
as measured by Wald and myself,’ shows no rise in AJ/J at high intensities. 
Instead, as the intensity increases, AJ/J decreases steadily to a minimum at 
which it remains constant. Wald and I paid particular attention to the 
possibility of this rise, but though we tested intensities even 10,000 times 
higher than the one at which the minimum becomes established, we found 
no trace of an upturn in AJ/J. 

All this might merely mean that the basis for intensity discrimination in 
the bee and the fruit-fly is different from that in the human eye were it not 
for the second fact that the validity of the upturn for the human eye itself 
has also been questioned. Though he records no measurements, Guild® 
has published an experiment which shows that the rise in AJ/J at high 
intensities is ‘entirely factitious and depends on the degree of adaptation 
to each field-intensity which prevails when the observation is made.” 
Independently, Steinhardt, working in our Laboratory, has shown that 
the appearance of a rise in AJ/J depends on the illumination surrounding 
the test-field and on the adaptation of the eye. The better the adaptation, 
the less evident is the upturn, and when adaptation is complete there is 
little or no upturn at high intensities especially if the test area possesses a 
large surrounding field of the same brightness as the test-field. Koenig 
and Brodhun had no surround to their test-field. 

Since the upturn in AJ/T is so integral a part of the previous theories of 
intensity discrimination, its non-existence in the insect eye and in the 
human eye renders a new formulation necessary for the data. We may 
begin with the insect eye because the experimental conditions are clearly 
defined for theoretical purposes. 

The measurements with insects were made by confronting them with a 
visual field composed of stripes which, when moved, elicit a movement of 
the animal opposite in direction to the stripe displacement. The stripes 
can radiate any fraction of the light coming through the clear spaces, and 
the measurements consist in finding the least difference AJ between the 
light intensity J coming from the stripes and the intensity J + AJ from the 
clear spaces, which will just barely elicit a response from the insect when 
the pattern is moved. 

In the measurements the response of the animal follows immediately 
upon the movement of the pattern. Thus, though a given group of omma- 
tidia have been adapted to the intensity J when the stripes are at rest, the 
immediate response of the insect when the stripes are moved precludes the 
adaptation of these ommatidia to the higher intensity J + AJ. The 
change in the ommatidia which initiates the events resulting in a response 
must therefore take place immediately when the outside light is changed 
from J toZ + AI, and it is to this initial event that one must look for an 
explanation of the data of intensity discrimination. 
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The process of photoreception, considered in the most general terms, 
requires the presence of (a) an inactive photosensitive substance which 
absorbs light and is changed by it into an active substance responsible for 
initiating the train of events which ends in a nerve impulse, and (b) some 
means of maintaining a supply of the sensitive material, since otherwise it 
would be used up and the process would come to an end. Obviously the 
photoreceptor system is more complicated than this; but, fortunately, we 
need not consider anything beyond this very first step in order to describe 
the data. 
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FIGURE 1 


Measurements of intensity discrimination of Drosophila. The 
theoretical curve is from equation (6). 


In such a photochemical system, the sensitive material S is changed by 
light into the photoproducts P, A, B, . . . some of which may under proper 
conditions reunite to form the sensitive material from which they were 
derived. Let the total initial concentration of S be a, and the concentra- 


tion of P, A, . . . at the moment ¢ be x. The velocity of the process as a 
whole under the influence of light of intensity J will be 
dx/dt ane kil (a — x)” aa Rox” (1) 


where m and m represent the order of the photochemical and the dark 
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reaction respectively, and k; and k; are their velocity constants, &; including 
the absorption coefficient. If the light continues to shine, a stationary 
state is reached in which the concentrations of sensitive material and 
decomposition products remain constant, so that dx/dt = 0, and 


kil (a — x)™ = Rox”. (2) 
\ iN 


Nn 
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FIGURE 2 

Wolf’s measurements of the intensity discrimination of the honey bee. 
The black circles are the data from the first paper; the plain circles from the 
second paper. The numbers attached to the curves are the visual acuities 
multiplied by 1000 and are inversely proportional to the size of the stripes 
used for the measurements. The same theoretical curve is drawn through 
all the data and is from equation (7). 


If the photosensory system at the stationary state induced by J is now 
exposed to light of intensity J + AJ, the velocity at the first instant of 
exposure will be 


saianaibabiaiaasibiabeieiiaai 
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dx/di = ki(I + AD (a — x)” — ker”. (3) 


Since they are equal, we may add k,J(a — x)” to and subtract kx” from 
the right side of equation (3), with the result that it becomes 


dx/dt = ky AI(a — x)”. (4) 


For Drosophila and the bee, the sensory recognition of the addition of AI 
occurs immediately after the increase is made. Therefore, some property 
of the initial velocity (4) is the basis for the recognition of the difference 
between J and J + AJ. Assume that for the intensity J + AI to be dis- 
tinguished from the intensity J, the initial velocity on the addition of AJ 
must be the same no matter what the intensity J may have been. This 
means k, Al(a — x)” = c, wherecisaconstant. Taking the value of AJ 
from this equation, and the value of J from equation (2), we get 


eis () 
9 x 
as a description of AJ/J in terms of the general ideas just considered. 

In order to test these ideas with data, it is necessary to eliminate x from 
(5) and to substitute values of J. To do this we must try specific values for 
m and n in equations (2) and (5). When m = mn = 1, that is when both the 
light and the dark reactions are monomolecular, equation (5) becomes 


AI Cc 1 
a i ae pe 
i = ( i” x) (6) 


where K = k;/ke. Plotted as log AJ/J against log J, the form of the func- 
tion is independent of the constants K and c/ak:. K controls the position 
of the curve on the axis of abscissas; ¢/ak, on the axis of ordinates. When 
m = n = 2, that is when both reactions are bimolecular, equation (5) 
becomes 


Al C 1 . 
S-ael+ abel : 
Take (KI)Y? 
which may also be plotted in logarithmic form so that its precise shape is 
independent of the constants K and c/a*ke. The unsymmetrical case of 
m = land n = 2 gives 


AI C 4 


T ~ ky [(4aKI + K°I)¥? — KI? 
which may be plotted logarithmically in the same way as (6) and (7). In 
all cases the total concentration of sensitive material is put at 100 per cent; 
thusa = 1. 





(8) 
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The theoretical behavior of AJ/I in all three equations resembles the 
actual behavior of AI/J for insects. The data for Drosophila are shown in 
figure 1. Through them is drawn the curve for AJ/J in accordance with 
equation (6). The fit with this equation is slightly, though not decisively, 
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FIGURE 3 


Intensity discrimination of the clam, Mya. The clear circle so 
obviously off is a value extrapolated from the measurements and 
therefore unreliable. The curves are all from equation (7). 


better than with equation (8); equation (7), however, is definitely ruled 
out. 

Wolf’s first measurements of the bee’s intensity discrimination are shown 
in figure 2 by black circles. They are too scattered to provide a critical 
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choice among the three equations. Wolf’s later measurements, shown by 
clear circles, are smoother, more numerous and more critical. Of the 
three theoretical curves, only the one from equation (7) can be drawn 
through them. The goodness of fit is obvious. Because of the adequacy 
of equation (7) for the later data, the same curve is drawn through the 
earlier. 

Drosophila and the bee have organized eyes. The clam, Mya, on the 
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FIGURE 4 



































Aubert’s measurements of the intensity discrimination of his 
own eye. The original intensities have been divided by 10,000 to 
convert them into millilamberts. The data strikingly break into 
two sections representing rod and cone functions. The curve for 
low intensities is from equation (8), and the one for high intensities 
is from (7). 


other hand, has a diffuse sensitivity to light all over its siphon. Does the 
present formulation apply to it? The measurements with Mva, made ten 
years ago,'® record the necessary increase in illumination to which the 
animal responds immediately with a specific reaction time. Figure 3 
shows the data for responses at five different reaction times, from which it is 
clear that the relationship of AI/J to J is the same for all reaction times. 
The curves are from equation (7), which is the only one of the three to fit. 
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Equation (7) assumes m = m = 2. That m = 2 for Mya is not surprising 
since the dark reaction has long been known to be bimolecular;!! that the 
purely photochemical reaction is also of the second order emerges for the 
first time from this theoretical treatment. 

The success of the proposed theory of intensity discrimination with 
Drosophila, the bee, and Mya, suggests its consideration for the human eye. 
One difficulty becomes at once apparent. Measurements of intensity dis- 
crimination with the human eye are made with a bipartite test-field of 
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FIGURE 5 
The measurements of Blanchard are the plain circles; those of Lowry are the 
black circles. Lowry’s points have been raised 0.15 log unit along the ordi- 
nates to make them continuous with Blanchard’s. The curves are the same 
theoretical ones as for Aubert’s data in figure 4. Note here too the natural 
breaking of the data into two sections indicative of rod and cone functions. 


which one side has an intensity J and the other an intensity J + AZ. Such 
a procedure seems to involve the simultaneous and complete adaptation of 
the corresponding retinal areas to their respective intensities. In fact it 
was on the supposition of such complete adaptation that ten years ago! 
I formulated an explanation of visual intensity discrimination which in- 
cludes an upturn of AJ/I at high intensities. The present formulation, 
however, relies on the initial effect of the added intensity AJ and not on the 
final effect after complete adaptation, as would apparently be required by 
the experimental procedure. 

This antithesis may, however, be more apparent than real. In making 
the measurements, the eye looks at and becomes adapted to the intensity J 
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which prevails on both sides of the field. Then the intensity on one side is 
raised slightly, and a judgment is made as to whether there has been a 
perceptible increase in brightness. The procedure is continued until the 
minimum increase is found which is clearly recognizable not only at once 
but on continued examination. It is to be noted, however, that any con- 
tinued study of the field involves the usual and persistent eye movements 
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FIGURE 6 

The data of Koenig and Brodhun for Koenig’s eye for red, 

orange and yellow spectral light. The red data are continuous 

and show only cone function, whereas the orange and yellow show 

increasing amounts of rod function. The curves are theoretical 

and are from equation (8) for the rod section and from (7) for 
the cones. 


which expose fresh portions of the retina to the higher intensity, while the 
general state of adaptation of the retinal field still corresponds to the lower 
intensity. If this is correct, then recognition of AJ may involve initial rather 
than final effects even with the human eye—a point of view which would be 
strengthened if the data could be described in terms of the equations just 
derived. 
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The oldest data of intensity discrimination are for Aubert’s eye, and his 
single, individual measurements are shown in figure 4. The data range 
themselves into two parts which are a clear demonstration of the then non- 
existent duplicity theory, in terms of which the low intensity part repre- 
sents the function of the rods, and the high intensity part that of the cones. 
The two sections of the data are fitted by the equations of the present 
theory. The low intensity data are not good enough for a choice between 
equations (6) and (8), but they are adequate tentatively to rule out equa- 
tion (7). Equation (8) has been drawn through them, because the dark 
reaction of the rods is probably bimolecular.!? The high intensity portion 
is too limited for a critical choice among the equations; the curve drawn is 
from equation (7), but this is on the basis of the other measurements to be 
considered. 

Blanchard’s data,!* shown as plain circles in figure 5, were made about 
fifty years after Aubert’s. They do not cover quite so large a range as 
Aubert’s, but the points are averages. These data also break by them- 
selves into two portions. The curve through the rod portion is again 
from equation (8), though all three curves are indistinguishable over 
such a small range. Blanchard’s cone data may be supplemented by 
Lowry’s'* measurements made in the same laboratory thirteen years later. 
They cover the higher intensities and are the black circles in figure 5. 
The curve from equation (7) is the only one which passes through the 
points. 

These measurements are with white light, and show the separate presence 
and function of the rods and cones. Figure 6 contains the data of Koenig and 
Brodhun with the red, orange and yellow light. Since the extreme red of 
the spectrum even at low intensities is more effective for the cones than for 
the rods, it is not surprising to find that the points for 670 my lie on one 
continuous curve and show no trace of the break so strikingly present with 
white light. The data again are fitted only by equation (7). The data for 
605 my and for 575 my show the usual discontinuity and the separate pres- 
ence of rod and cone function. As would be expected from the relative 
effectiveness of 605 and 575 my at low intensities for rods and cones,!* the 
rod portion for 575 my is larger than for 605 my. The cone portions of 605 
and 575 my are again fitted only by equation (7). In all cases, the few 
points at high intensities must be disregarded for the reasons already 
given, 

Koenig and Brodhun’s data with white light resemble neither Aubert’s 
nor Blanchard’s, nor indeed their own data with orange and yellow light, 
particularly the latter which usually produces effects very similar to white 
light. They show no clear division into two parts, and though the points 
fall around two theoretical curves such as are shown in figure 5, they are not 
really fitted by them. Some condition in their procedure with white light 


——— 
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must be responsible for the difference, but unfortunately Koenig and 
Brodhun published only the scantiest technical details, and leave one at a 
loss to know what this condition is. 

Steinhardt’s measurements, made in our Laboratory and soon to be 
published, confirm this conclusion about Koenig and Brodhun’s white light 
data. Steinhardt measured the relation of AJ/I to J for different test-field 
sizes. For white light and test areas larger than 2° his measurements, 
without exception, fall on a double curve similar to the data of Aubert and 
of Blanchard, while for smaller, foveally fixated areas, they always form 
single curves like those of Koenig and Brodhun with light of 670 mu. 
With Steinhardt’s permission I give in figure 7 two examples of his many 
series. The upper data are for white light and a test area 56’ in diameter, 
having a large surround in order to maintain. the eye as a whole at the 
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FIGURE 7 


Steinhardt’s measurements with white light. The upper data are with a 
field 56’ in diameter; the lower with a field 3° 44’ in diameter. The upper data 
show only cone function and are described as usual by the curve from equation 
(7). The lower data show both rod and cone function; the curve through the 
former is from equation (8), while through the latter it is from (7). 


intensity of the measurements. This size of test-field falls entirely within 
the rod-free area of the fovea, and as a result the measurements show no 
inflection point. The only curve which passes through the points is again 
from the cone equation (7). The lower data in figure 7 were made with a 
field size nearly the same as Koenig and Brodhun'’s. The measurements 
happen to be some of Steinhardt’s earliest, but like all others, they clearly 
resemble the white light data of Aubert and of Blanchard, and not of 
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Koenig and Brodhun. The curves drawn through them are from equation 
(8) for the short piece at low intensities, and from equation (7) for the rest 
of the data. Therefore, all the reliable data on the human eye are fitted by 
the equations derived from the theory. 

A paper dealing in detail with the theory and the measurements is to 
appear in the Journal General Physiology. 

Summary.—A theory of visual intensity discrimination is proposed 
which describes quantitatively all the established, available data from the 
photosensory systems possessed by such diverse animals as the clam, Mya; 
the insects, Drosophila and the bee; and the human eye. The theory 
depends on the photochemical events which take place at the moment when 
a photosensory system already adapted to the intensity J is exposed to the 
just perceptibly higher intensity J + AJ. Unlike previous formulations, 
this theory predicts that the fraction AJ/I, after rapidly decreasing as J 
increases, does not increase again at high intensities, but reaches a constant 
value which is maintained even at the highest intensities. 


1 For a summary of the history of this subject see Hecht, S., J. Gen. Physiol., 7, 235 
(1924). 

2 Aubert, H., Physiol. d. Netzhaut, 394, Breslau (1865). 

3 Koenig, A., and Brodhun, E., Sitzber. d. Akad. d. Wiss., 917, Berlin (1888); 641 
(1889). 

4 Piitter, A., Arch. ges. Phystol., 171, 201 (1918). 

5 Hecht, S., J. Gen. Physiol., 11, 255 (1928). 

® Houstoun, R. A., Report of a Joint Discussion on Vision, Physical Society, 167, 
London (1932). ‘ 

7 Wolf, E., J. Gen. Physiol., 16, 407, 773 (1933). 

8 Hecht, S., and Wald, G., Ibid., 17, 517 (1934). 

® Guild, J., Report of a Joint Discussion on Vision, Physical Society, 180, London 
(1932). 
10 Hecht, S., J. Gen. Physiol., 6, 355 (1924). 
11 Hecht, S., Ibid., 1, 545 (1918). 
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THE DEVELOPMENT OF RAT EMBRYOS IN TISSUE CULTURE 
By J. S. NICHOLAS AND DOROTHEA RUDNICK 
OsBORN ZOOLOGICAL LABORATORY, YALE UNIVERSITY 


Communicated November 1, 1934 


Explantation methods have shown inconstant results when applied to 
the problems of mammalian development. The results obtained with 
rabbit material have so far been superior to those secured in other forms. 
The rabbit egg’”* can be carried through the first stages of development 
outside the body with normal development. The eggs so treated may be 
tested‘ by reimplantation in the uterus with the development to birth of 
normal rabbit young. Later stages of rabbit embryos (early somite) have 
been less adaptable to explantation methods.®®’ The limit of develop- 
ment has been approximately 48 hours with degeneration phenomena 
appearing in the central regions. 

In the rat, development of the egg outside the body has been limited 
to one or two cell divisions; most of the work therefore consists of ob- 
servations upon uncultured material.*” At first glance it might seem that 
the rat egg lacks developmental potency under changed conditions but 
recent studies'! have shown that the egg will develop into an embryo in 
the abdomen, that it will differentiate into embryonic tissues under the 
kidney capsule,!*!* and that each of the first two blastomeres has the 
capacity for forming a complete embryo which, however, does not develop 
beyond the egg cylinder stage. 

While the tissue culture methods so far used seem inadequate in the 
study of segmenting stages, they have proved much more successful for 
the later embryonic series. Our first experiments comprised a long series 
of embryos at stages varying from the early egg cylinder (ca. 6-7 days) 
to embryos of 20 somites (ca. 11 days). These were explanted to various 
media (chick plasma, starch agar, nutrient agar, placental extractions, 
agar + varying salt concentration, chick plasma + rat embryonic extract) 
with no greater success than recorded for the rabbit. 

Experiments made upon the rigidity of the clot showed that a jell 
composed of chick plasma and rat embryo extract afforded a better sub- 
strate from the mechanical standpoint than any of the other combinations. 
In all possible combinations, however, the embryo was being studied under 
survival conditions and necrotic areas were prominent after 6 hours in 
some cases, 12 hours in most and in all at 24 hours. Necrosis is not limited 
to one specific region of the embryo nor to one tissue. When it occurs 
the differentiation of adjacent parts is not seriously affected initially. 
Necrotic areas are readily observed in the living culture and show as 
whitened opacities in the embryo, 
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The present report is based on about one hundred successful experi- 
ments in which development was observed from presomite or early 5-7 
somite stages after 24, 48 and 72 hours of explantation. The medium used 
was heparinized rat plasma plus rat embryonic extract prepared in general 
from embryos of ca. 14-15 days. In preparing the extract, the embryo, 
freed from its membranes and placenta, is washed after which it is minced 
and centrifuged; the fluid is discarded, fresh sterile Ringer added and 
again centrifuged for usable extract. The rat plasma is obtained from 
adults of either sex. The two ingredients are mixed in approximately 
equal amounts in embryological watch glasses just before the embryo 
is transplanted. 

The embryos for transplantation are removed from the uterus with 
decidua intact. The decidua is then carefully stripped from the embryo 
and discarded; the embryo is washed in two changes of sterile Ringer’s 
solution, transferred to the plasma with as little excess of Ringer’s solution 
as possible and an additional covering of embryonic extract added. 

The embryonic material at the time of transplantation consists of a 
cylindrically shaped rod of material. The embryo occupies roughly the 
upper third; the lower third is the trager or ectoplacental cone, while the 
middle third is the so-called extra-embryonic space which is later con- 
densed into the basal portion at the time of placenta formation, due to 
the growth and expansion of the embryo and the amniotic sac. The 
embryonic cylinders were carefully dissected from the decidua without 
damaging the covering of the cylinder (Reichert’s membrane). The 
embryos were fixed at 24, 48 and 72 hour intervals, after frequent observa- 
tion during their cultivation, 37.5°C. The embryos were sectioned in the 
clot and compared with equivalent stages of normal development. 

The results in general are striking. Growth occurs during the first 24 
hours but gradually slows until 36 hours when it practically stops. The 
majority of our cases showed steady differentiation. At 48 hours or earlier, 
differentiation in the embryo has reached a maximum, at which it may be 
maintained for another 24 hours with the present method. 


During this period the embryos in our best cases have differentiated 
from 2 to 16 somites. The allantoic bud has grown from a small lump 
of tissue at the angle between the amnion and the posterior part of the 
embryo to join with the superior surface of the ectoplacental cone. The 
heart, unformed at the time of implantation, has differentiated a two 
chambered structure and has initiated its beat, the blood islands have 
developed in the yolk sac epithelium, and circulation has commenced, 
both in the yolk sac and in the embryo. The nervous system has differ- 
entiated considerably; eyes and ears have differentiated and the embryo 
as a whole has gone through a primary torsion, separating it from the 
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embryonic membranes in the region of the intestinal portal and contributing 
to its apparent reversal of posture. 

The total growth attained in the 48 hour period is less than half that 
attained by the normal embryo during the same period. The maximum 
differentiation is nearly three-quarters of that undergone by the normal. 
The factors limiting growth are affected earlier than those limiting differ- 
entiation. 

Apparently respiratory interchange is the most important functional 
necessity at this stage. The efficiency of this mechanism is not only 
lowered by the total absence of maternal circulation but even further pre- 
vented by the growth of a new enveloping membrane in the nature of a 
decidua from the marginal cells of the ectoplacental cone. The accumula- 
tion of break-down products due to metabolic activity is another checking 
factor. A few preliminary experiments have shown that these can be re- 
moved by washing the entire culture in sterile Ringer’s solution and 
adding fresh embryonic extract. By using this method embryos have been 
kept alive for 96 hours although growth and differentiation occur only at a 
low rate during the last 24 hours. 

These experiments show definitely (1) that the processes of differentia- 
tion and growth can be artificially separated by explantation of an embryo 
to tissue culture; (2) that the differentiation of embryonic structures in 
normal relationship to each other can successfully be completed outside 
the body; and (3) that the method offers an opportunity for the study of 
hitherto obscure processes such as the turning of the embryo, the initiation 
of circulation, the physiological reactions of the embryo during critical 
stages of mammalian development. 
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EYE-STALK HORMONE AND THE MOVEMENT OF DISTAL 
RETINAL PIGMENT IN PALAEMONETES 


By L. H. KLEINHOLZ 
BIOLOGICAL LABORATORIES, HARVARD UNIVERSITY 


Communicated November 5, 1934 


As is known from investigations by Parker ('97) and by Welsh (’30), the 
distal pigment cells in the eyes of Palaemonetes undergo positional changes 
in adaptation to light and dark. Parker’s work (’97) further gave rise 
to the debatable point as to whether the retinal-pigment migration in the 
arthropods is a direct response of the cells to light or is more in the nature 
of a reflex involving the central nervous system. 

This question recalls the problem of the interrelationship of the eyes; 
if the retinal pigment migration is independent of the central nervous sys- 
tem, then the photomechanical condition of the retina in one light-stimu- 
lated eye of an animal should have no effect upon the condition in the other 
covered eye of the same animal; if, on the other hand, the retinal-pigment 
migration involves the nervous system, then the two eyes may be “‘sympa- 
thetic,” that is, the photomechanical condition of one eye may influence the 
other eye. 

The evidence presented on this subject has been inconclusive and uncer- 
tain. Parker’s experiments (’97) led him to conclude that the photome- 
chanical condition of the retina of one eye had no effect on that of the other 
eye, and that in excised eyes complete or nearly complete photomechanical 
changes may occur, thus indicating that the retinal pigment migration 
is independent of the brain and optic ganglia. His conclusions that these 
pigment changes are independent of the central nervous system are open 
to criticism since they are based on the reactions of only 16 animals in four 
experimental conditions. Von Frisch (’08), in turn, could get no decisive 
results in his experiments on Palaemon in which one eye was illuminated 
and the other covered. Castle (’27), who studied the proximal pigment 
in Palaemonetes for a possible interrelationship of the two eyes, came to 
the conclusion “that in Palaemonetes an illuminated eye is without ‘sym- 
pathetic’ effect by way of the central nervous system on the photomechan- 
ical changes of the covered eye.” 

Perkins in 1928 found the body chromatophores of Palaemonetes to 
be under control of the eye-stalk hormone, and it has since been suggested 
by Parker (’32) and by Bennitt (’32) that there might be a hormone factor 
in the migration of the retinal pigment. Of the three different kinds of 
pigment cells in the eye-stalk of Palaemonetes, distal, proximal and ac- 
cessory, this paper is concerned only with the distal cells. For the sug- 
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gestion of this problem and for interest and aid in the preparation of this 
manuscript I am indebted to Professor G. H. Parker. 

Three series of tests were employed in the experimental procedure. In 
the first series the stalk extract was prepared from the eyes of shrimps that 
had been in the dark room overnight, a concentration equivalent to 100 


stalks in 1 cc. of sea water being used. 
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Graph showing in solid line the amount 
of inward migration of the distal pigment 
cells in the eyes of dark-adapted Palae- 
monetes as a result of injections, in the dark, 
of stalk-extract prepared from the eyes of 
light-adapted shrimps. The dotted line 
shows the position of the distal pigment in 
the eyes of three uninjected control animals. 


minute intervals for 30 to 60 minutes. 


Readings of the position of the pig- 
ment in the eyes of light-adapted 
animals were made according to 
the method of Welsh, and then 
0.03 cc. of the eye-stalk solution 
were injected into the abdominal 
musculature. Observations were 
made through the ocular microm- 
eter at 3 or 5 minute intervals 
over a period of 30 to 60 minutes. 
In 8 shrimps thus tested there 
was no obvious change in the 
position of the pigment. Some 
readings showed a slight varia- 
tion, ranging from one-half to one 
unit on the micrometer scale (ap- 
proximately 8 to 16 micra) but 
since the normal migration, ac- 
cording to Welsh, ranges from 140 
to 220 micra, these slight differ- 
ences were regarded as of no sig- 
nificance. 

In the second series of tests, 
light-adapted animals were used 
as before, but the eye-stalk solu- 
tion was prepared from shrimps 
kept over a black background. 
Concentrations equivalent to 100 
and to 160 stalks for each cubic 
centimeter of sea water were in- 
jected in small quantities (0.02- 
0.03 cc.) into eight animals. 
Readings were taken at 5 to 10 

No regular migration of the pig- 


ment was observed other than the slight variation noted before. 
In the third series of tests the procedure was reversed, the eye-stalk 
hormone being prepared from light-adapted shrimps and being injected, 





in the dark, into animals that had been in the dark room overnight. 


Using 
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concentrations of 50 to 60 eye-stalks to 1 cc. of sea water, amounts rang- 
ing from 0.02 to 0.05 cc. were injected into several shrimps and individuals 
were killed at two minute intervals in hot water to fix the retinal pigment- 
cells. After this preliminary fixation the eye-stalks were excised, dehy- 
drated and cleared in cedar-oil. Readings were then taken of the posi- 
tion of the distal pigment-cells by means of the micrometer eye-piece. A 
gradual retreat of the pigment-cells was observed to have taken place, 
the maximum effect being noted 35 to 45 minutes after the injection. This 
was repeated with ten groups of animals, each group consisting of 10 to 20 
individuals, and in each case the response was essentially similar. 

The measurements obtained from the animals in one such group give 
the curve shown in figure 1, where the time in which the hormone was al- 
lowed to act after injection is plotted against the distance of the distal ends 
of the pigment-cells from the outer surface of the eye. 

As a control experiment three groups of dark-adapted shrimp were in- 
jected: in the first group were eleven animals injected with 0.01 to 0.05 
cc. of sea water and fixed at two minute intervals; in the second group 
were twelve animals injected with 0.02 to 0.04 cc. of an extract of the ab- 
dominal musculature of three light-adapted shrimps in 1 cc. of sea water 
and fixed at five minute intervals; and in the third group were fifteen 
animals injected with 0.02 to 0.04 cc. of sea water and fixed at five minute 
intervals. In none of these control animals was there any significant 
migration of the distal pigment cells. There was a slight change of 1 to 
2 units (16 to 32 micra) in some animals, but this was without doubt due 
to individually varying factors such as the size of the eye and the positions 
of the pigment-cells during dark-adaptation. 

It is evident from these experiments that the eye-stalks of Palaemonetes, 
when stimulated by light, secrete a substance which causes the inward 
migration of the distal pigment-cells, but that no substance, opposite in 
action, is secreted in the dark, so that outward movement of the distal 
pigment-cells is not dependent upon a hormone but must be inherent in the 
pigment-cell itself. 
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THE DISSECTION OF CLOSED SURFACES AND THE 
PHRAGMEN-BROUWER-ALEXANDROFF THEOREM 


By B. KAUFMANN AND H. D. URSELL 
UNIVERSITY OF LEEDS, ENGLAND 


Communicated October 27, 1934 


We have recently proved the following theorems' in which F denotes 
the common boundary of two domains in an n-dimensional Euclidean 
space R,. 

I. If Z is a cut on F then there lie on F arbitrarily small (nm — 1)- 
dimensional Cantor manifolds which meet Z. 

II. On any cut of F lies a point which is the limit of a decreasing 
sequence of (n — 1)-dimensional Cantor manifolds lying on F. 

Such a point we call? a concentric (m — 1)-dimensional manifold point 
(Mannigfaltigkeitspunkt) of F. The essential point in these theorems is 
not the mere existence on F of arbitrarily small Cantor manifolds but a cer- 
tain connectivity in their distribution on F. For example it follows from 
II that the set of manifold points of F is by itself a connected set and there- 
fore at least 1-dimensional. The question of the higher connectivity of 
this set we shall discuss in a later paper in which we shall establish a certain 
duality in the distribution on F of Cantor manifolds of different dimensions. 
Our object in the present paper is to prove two theorems (called I* and II* 
in §3) which include Theorems I and II but give a deeper insight into the 
structure of the surface F. 

Our results are closely related to the generalized Phragmen-Brouwer 
Theorem which states* that if neither of the closed point-sets F’ and F” 
divides the space R, then the sum F’ + F” divides the space if and only 
if the intersection F’F” contains an (m — 2)-dimensional Vietoris cycle 
homologous to 0 on F’ and F” but not on F’F”. The following theorem 
follows at once from our results: 

Let F’ and F” be two closed point-sets in R,, and suppose that there are 
two points P’, P” which are separated by the sum F’ + F” but not by F’ 
alone nor by F” alone. Suppose also that the intersection F’F” is (n — 2)- 
dimensional. Then we can find an arbitrarily small sphere U and in U 
two closed subsets f’, f” of F’, F”, respectively, and two points p’, p” such 
that p’ and p” are separated in U by the sum f’ + f” but not by /’ alone 
nor by f” alone.® 

1. Let K be a 2-dimensional complex, not necessarily homogeneous. 
By a subharmonic division of K we mean a division of the ground-cells of 
K into four classes‘ A’, B’, A”, B” such that no cell of A’ meets a cell of 
A” and no cell of B’ meets a cell of B”. Thus A’ is separated from A” 
on K by B = B’ + B” and B’ is separated from B” on K by A = A’ + A”. 





i 
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A subharmonic division of K resembles the division of a circle & into four 
quadrants a’, b’, a”, b” and it is possible to construct a continuous represen- 
tation of K on k (or on a part of k) in which each class of the subharmonic 
division of K is transformed on to the corresponding quadrant of k (or on 
to a part of it). 

Let & be oriented, say in the direction 


Aap) ae ae ht ae a’, 


and let I be an oriented 1-cycle drawn on K. The continuous representa- 
tion of Kk on k gives a continuous representation of fon k. The order (in 
Brouwer’s sense) of this representation of I on k we call the order of T 
with respect to the subharmonic division. This order is an additive func- 
tion of the cycle T. 

The boundary of any 2-cell of K is a cycle of order 0 and hence every 1- 
cycle homologous to 0 on K is of order 0. In other words the order of a 
1-cycle is invariant under homologies on K. 

A theory of order mod 2 invariant under homologies mod 2 follows at 
once. 

2. Let Z be an (m — 2)-dimensional closed point-set in an n-dimen- 
sional Euclidean space R,. Let A be a closed polygon not meeting Z. 
Then there is a 2-complex K not meeting Z on which A is homologous to 
the sum of a number of arbitrarily small cycles arbitrarily close to Z. 

To construct such a complex we first choose a point C and form a singu- 
lar 2-cell E by joining all points of A to C by straight segments.> The 
cell E we subdivide into triangles each of diameter less than «, (where « 
is an arbitrarily small positive number assigned in advance) so obtaining 
a simplicial complex K;. The subcomplex of K; free from points of Z we 
denote by Kj. I.e., Kj consists of all vertices of K; not lying on Z and 
all 1-cells and 2-cells of K, which do not meet Z. 

‘From kK, we now form a cell-complex K : of the same structure as K; 
with a skeleton not meeting Z. 

(1) We retain K} unchanged. 

(2) A vertex P, of K; lying on Z we replace by a point P{ within a dis- 
tance «, of P, but not lying on Z. 

(3) An edge P,Q; of K; which meets Z we now replace by a path (i.e., 


chain of segments) P}Q, lying entirely within a distance «, of P,Q, but not 
meeting Z.° 

(4) Let A; bea simplex of K; which meets Z. Its perimeter has already 
been replaced by a closed polygon A; not meeting Z but lying within a dis- 
tance ¢, of A,;. We now choose a point C, within a distance «, of A, and 
replace A; by the singular 2-cell E; joining C, to Aj. 

The subcomplex of kK | free from points of Z is the desired complex K. 
On it A is homologous to the sum of the boundaries of those cells of K; 
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which meet Z. Each of these is a cycle of diameter less than 3«, lying 
within a distance 3¢, of Z.’ 

3. Let F be the common boundary of two domains G’,G” in R,. There 
may of course be other domains also complementary to F and the boundary 
of any such domain may or may not be identical with F. Let Z be an 
(n — 2)-dimensional cut of F so that 


F-Z=F+F 


where F’ and F” are open subsets of F without common points. 
We shall now prove the following theorems: 
I*. There lies on F an arbitrarily small (m — 1)-dimensional Cantor 
manifold f of the form 
f = cad + Z + a 
where 
yer, sez, fer’, 


no one of these three parts of f being empty. 

II*. There lies on Z a point which is the limit of a decreasing sequence 
of (7 — 1)-dimensional Cantor manifolds of this form. 

We first construct a polygon A linked with Z. Take a point P of F’ 
and inside a neighborhood of P so small as to exclude points of F” + Z 
choose points P’ € G’ and P” © G”. Then the segment P’P” does not 
meet F” + Z. Similarly we choose points Q’ € G’ and Q” € G” such that 
the segment Q’Q” does not meet F’ + Z. We join P’ to Q’ by a path in 
G’ and joint P” to Q” by a path in G’. Thén combining these paths 
with the segments P’P” and Q’Q” we get the desired polygon A. 

Next we construct as in §2 a 2-complex K not meeting Z on which A 
is homologous to the sum of a number of small cycles close to Z. Then we 
subdivide K so finely that no ground-cell which contains a point of F’ 
meets any ground-cell which contains a point of F”. On the resulting 
complex we define a harmonic division in which 

A’ consists of all cells meeting F’, 

A" consists of all cells meeting F’, 

B’ consists of all ground-cells contained entirely in G’, 

B" consists of all ground-cells contained in some other domain comple- 
mentary to F. 

The order of A with respect to this harmonic division is clearly +1. 
By §1 there must be at least one of the small cycles with an order different 
from 0. Let A; be such a cycle: it has a diameter less than 3¢, and so 
can be enclosed in a sphere U; of diameter less than 64. Our manifold f 
will be the common boundary relative to U; of two domains in U. 

The cycle A, is divided ‘‘harmonically” into a finite number of arcs be- 
longing alternately to A and to B. If it is possible in U, to join two B-arcs 
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of A, without meeting F then we do so and in this way express A; as the 
sum of two cycles Aj, Ai lying in U, and each simpler than A; in the sense 
that it is divided into a smaller number of arcs by the harmonic division. 
Of the two new cycles one at least has an order different from 0 and we 
can therefore replace A; by a simpler cycle. By a finite number of such 
steps we obtain a cycle lying in U; and having an order different from 0 
with the added property that the B-arcs belong to different domains 
complementary to F in U;. 

We can similarly reduce A, if it is possible in U, to join a B-arc to any 
A-are other than the two adjacent ones without meeting F. And more 
precisely suppose that the domain complementary to F in U; which con- 
tains some particular B-arc 6 has on its boundary a point belonging to an 
A-arc a not adjacent to 8. Then by an arbitrarily small change we can 
make a pass through this domain. This change does not disturb the 
harmonic division of A; and the cycle can now be reduced as before. We 
may therefore suppose that each B-arc of A; belongs to a domain comple- 
mentary to F in U; which has a positive distance from all the arcs of A; 
other than that B-arc and the two adjacent A-arcs. 

The cycle A; having an order different from 0 must have arcs of all four 
classes. We can therefore choose three consecutive arcs a’, 8, a” of which 
a’ belongs to A’, 8 belongs to B’ or B” and a” belongs to A”. The domain 
g complementary to F in U; which contains 8 has a positive distance 
from the sum o of all arcs of A, other than a’, 8, a”. Its boundary 0 
relative to U, does not meet o but separates o from 8. The domain comple- 
mentary to b in U; which contains o has for its boundary relative to U; 
the desired Cantor manifold f. By construction it is the common bound- 
ary, relative to Ui, of two domains, one domain containing the arc 8 and 
the other domain containing the arc c. Since it separates o from 6 it must 
cut both a’ and a” and hence contains points of F’ and also points of F”. 
That it also meets Z now follows from the fact that it is a Cantor manifold 
and therefore cofnected. 

A different method of constructing f from the cycle A; of order different 
from 0 will be given in another paper. We observe that f is a cut of the 
sphere U, (this is not required in the enunciation of I* and II*) and that 
it is part of the boundary, relative to U;, of one connected part of U; — F. 

The construction of a decreasing sequence { tm} of such (m — 1)-dimen- 
sional Cantor manifolds, each the common boundary of two domains 
relative to a sphere U,,, will now be sufficiently obvious. This proves 
Theorem II*. The limit-point of such a sequence we call a Risspunkt of 
the cut Z. The points of F which are Risspunkte for suitable cuts is like 
the set of (7 — 1)-dimensional manifold points at least 1-dimensional. 

The proof of the theorem enunciated in the introduction is obtained by 
first replacing F’ + F” by a surface F € F’ + F” which is the common 











666 MATHEMATICS: FLEX NER AND LEVIN Proc. N. A. S. 


boundary of a domain G’ > P’ anda domain G’>P”". To this F we now 
apply the same arguments as used above in proving I*. 


1 Kaufmann, “Cantor Manifolds Lying on a Closed Surface,”’ Proc. Camb. Phil. Soc., 
30 (1934); and Ursell, “Cantor Manifolds, etc.,’”’ Part 2, [bid., 31, to appear shortly. 

2 Kaufmann, ‘‘Der lokale Dimensionsbegriff,” Math. Ann., to appear shortly. 

3 Alexandroff, Ann. Math., 2nd Ser., 30, p. 178 (1928). 

4 Each ground-cell belongs to at least one of the four classes. If the classes are 
mutually exclusive we call the division harmonic: from any subharmonic division we 
can form a harmonic one by depriving B’ and B” of ground-cells belonging to A. 

5 If Ais simple and m 2 4 we can choose C so that E shall be free from self-crossings: 
but this is not important for our present purpose. 

6 Z being only (m — 2)-dimensional cannot destroy the connection of an n-dimensional 
region. Cf. §3, footnote 8. 

7 If Ais simple and m > 5 there is a 2-cell M bounded by A, free from self-crossings and 
such that the intersection MZ is 0-dimensional at most. The complex XK,’ is a first 
approximation to M. Cf. Ursell, loc. cit. 

8 That the common boundary relative to U; of two domains in U; is an (n — 1)-di- 
mensional Cantor manifold may be obtained from the generalized Urysohn Theorem 
(see Alexandroff, loc. cit., p. 154), by a transformation which turns the whole boundary 
of U, into a single point. It is unimportant whether we use closed or open spherical 
regions: but the transition from the Urysohn Theorem for space to the corresponding 
result for a region is slightly simpler when the region is closed. 

® Thus there is in F’ F” an arbitrarily small Vietoris cycle (relative to the boundary of 
U) which is homologous to 0, in the relative sense of Lefschetz homologies, on f’ and also 
on f” but not on f’f”. 


THE INTERSECTION OF ARBITRARY CHAINS AND ITS 
BOUNDARY 


By WILLIAM W. FLEXNER AND MADELINE LEVIN 
CORNELL UNIVERSITY AND BRYN MAwR COLLEGE 


Communicated November 10, 1934 


S. Lefschetz in his ““Topology’’! has defined the intersection C,-C, of two 
arbitrary singular p and qg chains, C, and C,, on an orientable m-manifold 
K-L, Lasubcomplex of K, p + ¢g — n > 0, making the restriction that they 
do not meet each other’s boundaries on K-L.2, When C;, is simplicial on the 
complex K, and C, is simplicial on K*, the dual of K, the restriction on the 
chains is removed, and the intersection C,-C, is proved to have the bound- 
ary 


F(CyC,) = (—1)" ~ *F(Cy)-C, + Cy F(C;,). (1) 
The object of the work announced in the present note is: 


(a) To define the intersection and its boundary when no restriction is 
imposed upon the arbitrary singular chains C, and C,. 
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(b) To extend (1) into a boundary relation for this intersection. 

In order to simplify this outline, we shall assume Z to be vacuous. Let 
C, and C, be unrestricted chains; let G be the geometric intersection of 
C, and C,; G’ the sum of the geometric intersections of F(C,) and C,, 
and Cy, and F(C,); and G” the geometric intersection of F(C,) and F(C,). 
Then G> G'’D>G". If 9’ is an arbitrary neighborhood of G’ on K, then 
CyC, mod 9’ is defined by Lefschetz as a locally homologous family 
(I.h.f.) of cycles mod }t’ about G. We define C,-C, as the infinite sequence 
of approximating chains { C}-C**}, which mod 9’ become this I.h.f.. 

It can be proved that the sequence of boundary cycles { F(C}-C*®) }form 
al.h.f. about G’. This 1.h.f. we define as the boundary, F(C,-C,), of Cy:C,. 

In the case when C,, C, are unrestricted chains, the following expression 
now has meaning: 


(=1)"~ "C,PC, + CyIKC,). (2) 


Formally it is the same as the right-hand side of (1); but in (1) the inter- 
secting chains and intersections are simplicial and the r.h.s. is a cycle, 
while in (2) each intersection is a 1.h.f. as follows: 


1(+3)°" FG C8) 4 [Core (3) 
(a, 8 = 1, 2, 3, ... independently.) 


The superscripts here refer to complexes K* and K® which may either be 
subdivisions of K or of other complexes in point to point coincidence with 
K whose mesh approaches zero as a, 8 become infinite. The chain I’ _ ,-C*% 
is then the intersection of the deform on K“ of F(C,) with the deform on 
K** of C,, and C$-T'**_, is the intersection of the deform on K® of C, with 
the deform on K* of F(C,). 

By means of the intersection Theory in Topology, it may be shown that 
given « > 0, then for a, 8 above a certain JN, there exists within e of G” 
a chain 


—Xo%, —> Fl(—1)"" TF_ #4 + ChE]. 


This chain determines a i.h.f. for a certain chain X,_ , and hence there can 
be given a 1.h.f. about G’ for a chain naturally described as 


(—1)"~"F(Cp):C, + Cy F(Cy) + Xs-1 (4) 


In particular if the boundaries of C,, C, do not intersect G’ = 0 and hence 
X = 0. In any case (4) defines the same l.h.f. that defines F(C,-C,). 
Consequently the extension of (1) is: “The l.h.f. F(C,-C,) is equivalent to 
the L.h.f. 

(—1)* “*F(C,)-C, + Cy F(C,) + X,~,.” 


When C, and C, have non-intersecting boundaries, X = 0 and we have (1). 
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The steps indicated here can equally well be carried out for the more 
general manifold K-L considered by Lefschetz. It is in this form that the 
proofs will appear. 

Incidentally the work contains a proof of the topological invariance of 
intersection cycles not dependent on § 3, ch. iv of “Topology.” This 
proof has the advantage of simplicity but has the disadvantage of not giving 
a ‘“‘combinatorial” invariance proof free of continuity considerations. 


1 Amer. Math. Soc. Colloquium Lectures (1930). 
2 Terms and notations used throughout are as in 1. 


THE GENERAL CASE OF LINEAR INTEGRO-DIFFERENTIAL 
EQUATIONS 
By W. J. TRJITZINSKY 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS 
Communicated October 20, 1934 
1. Integro-differential equations are important in several connections— 
one of them being that, as pointed out by E. Hilb,’ they may arise as 


limiting forms of differential systems when the number of dependent 
variables is indefinitely increased. We consider the equation of the form 


L(y(x)) = V(y(x)), (1) 

where 
L(y(x)) = y™ (x) + ar(x)y ~ (x) +... + an(x)9(2), (la) 
Vio(x)) = a(x) + fr°w(r, x)y(r)dr = (a(x) # 0). (1b) 


Here the a;(x) and a(x) are analytic for | x | =ph>O0O(x*+ ~) and 
they are either given by convergent series of the form 


q 1 1 
axe t+... tax +at+ayx ?+... (2) 
(integer p = 1; a(x) without positive powers of x) 


or, more generally, they are asymptotic in certain regions extending to 
infinity, to such possibly divergent series. In the latter case the results 
would relate to correspondingly restricted regions. The function w(r, x) 
will be taken of the form 


x 


SIs, 


© i 
w(t, x) = re 3 wzst ” 


i,j =0 


(woo ¥ 0), (3) 








VoL. 20, 1934 MATHEMATICS: W. J. TRJITZINSKY 669 


[R(a + 8) +2 = —d<0,Rat+r) +2 = —h <0, 
Rr -—n)+1< 0) 


the series being convergent for | T |, | x | 2 fo. Herether, (A = 1,... 7m) 
depend on ZL only and they are defined in (4), below. 

The special case, when x = © is a regular singular point for the equa- 
tion L(y) = 0, has been treated in a recent note by D. V. Jonesco.* In 
the present paper the operator L 1s not restricted in any way; the treatment 
is based on our recent papers on differential equations which in the sequel 
will be referred to as J‘ and 7}.° 

2. To avoid repetition it will be taken for granted that the main 
existence results of J and 7; are known to the reader. Let R, be any 
infinite region for which, according to the fundamental existence theorem 
of 7, the equation L(y) = 0 possesses a full set of analytic solutions 
yi(x) (¢ = 1,...) such that, in R,, 


y; (x) ~ & x G;'(x) G@=1,...2). (4) 
1 
Here the Q(x) are polynomials in x“ (integer K = 1) and the o;'(x) are 
formal, possibly divergent series of the type designated in T as “‘o-series.”’ 
Let R2 be a subregion of RK; such that, as asserted by the theorem of 7, 
the equation L(y(x)) = x’a(x) has a solution y(x), analytic in R, and 
satisfying an asymptotic relation 


y(x) ~ x#10(x) (o(x) a o-series; x in Ro). (5) 
Let R be a subregion, extending to infinity and forming part of the above 
region, Re, such that 
RQ; (x) 2 0 (¢ = 1,...9#; sin R)& (6) 


The following existence theorem will be stated. 

THEOREM. Suppose that corresponding to a given operator L (cf. (1a)), 
there exists some region R satisfying the above statement in italics. Thein- 
tegro-differential equation L(y) = V(y) (cf. (1b), (3)) will then possess a 
solution analytic in R (| % | = po; | x | # ©; po sufficiently great). 


In proving this theorem we define functions 2;(x), c;(x) (¢ = 0,1,...) 
by the relations 
L(2o(x)) = x a(x) = co(x), (7) 


L(g; (x)) = 6; (x) = SI w(r, %)%j—4 (r)dr (a = i 2; Pa hs (7a) 
(integrations in R). 


It can be verified that such functions can actually be defined, on noting 
that an equation L(z) = c(x), where c(x) is of the general type of c(x), 
has a solution 


ats) = ani) Scan, (adda. (s) 


bal 
“4 
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Here the ¥;(x)[= i,1(x)] are functions occurring in (4). Moreover, the 
yi, (x) (47 = 1,...m) are the elements of the inverse of the matrix 
(y¥7 (x)). The involved integrations are according to the integration 
methods of 7°. 

In view of (4) we have, for xin Rand\ = 1,...n, 

Yn,» (X) ~ e) = x". (a-series). (9) 
On taking account of (6) and (9) it follows, by virtue of the Note in (7; 
p. 202), that the involved integrations extend to infinity along paths lying in 
R. 

At each consecutive step using the theorem of 7), we prove by induction 
that the 2;(x), c;(x) (¢ = 0) are analytic in R (x ¥ ~; | x | = po} po suffi- 
ciently great) and that, for x in R andi = 1, 2,..., 

Zj—1(x) ~x%-1 5;_4(x), (10) 
ci(x)~ xP oj; (x). 

Here the s;_ , (x) and the o;(x) denote ‘‘a-series’’with possibly a few leading 
terms in the involved power series absent. Furthermore, 
a.1= B;-1 + 1, B; =at+B+ 1 +a, = ae Bo = 1) (10a) 
so that 

R(a; — a-1) = R(a+ 8B) +2 = -—d<0 (@ =1,2,...). (10b) 
Thus, in (10) 

a=r+1l—id, B=r—-id (i =0,1,...). (11) 

In the o-series occurring in (4) and (9) log x may appear to at most 

the k-th power (k = 0). Let 
ex) = | log* (x) |. (12) 
The relations (4) and (9) are then seen to imply that, for x in R, 
| yn,1(%) | < | ex] 0; (x), (13) 
| Yn, x(2) | < | eM e—"r| o19(x) (A = 1,...). (13a) 
It will be established that with sufficiently great z and f, independent of 
x and 1, we have 


ni) |) < fe" * Ge) | 2 {| ”*'-, (14) 
| zo(ce) | 
| cy(x) | < 2f’ ¢” (x) | x | adibined (»o = 0,1,...), (14a) 


v = 0, 1 (when z and f are suitably chosen). Suppose (14), (14a) hold 
for v= 0,1,...,4 -1(@—12 1). Then, on using (7a), it follows 
that 


for x in R(|x|2p>0). These inequalities are verified to hold for 
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| ilo) |< w Se] r*] | x? | aff 10” (r) | 7 | Rr+1i-id+d | dr | 
< gaf—*e™ (x) |x| *-" (qi = aw). (15) 


In consequence of (15), (7a) and of a formula of type (8) we get, by virtue 
of (13) and (13a), 


| 2i(x) | < a [ear | o(x)or? S°2gf—* e% Mr). 
| x | Rem | oO | | de | < gytsqyf*! o™ T* (x) |e |’ *?-: (16) 
here g;’ = no,7a;’. 

The constants a;, a;’, occurring in (15) and (16) are from the following 
inequalities 
Y | ” pe +7) + 1+d — id 24 (,) | dr | < | % | R(a@ +r) tat d-id iy) Q;, (17) 
Se? | 2 | Rem — Haga + 177) 9 ROM) | ge | 

< [a | ow hat tg Fg (A = 1,...m) (17a) 
and they can be chosen so that 

qn a < f'” (¢ = 2,3,...). (18) 


where f is independent of 7. We select f, as is possible, = 1 so that (18) 
holds and so that inequalities (14), (14a) are valid forv = 0,1 Con- 
sideration of (15) and (16) will then make it clear that the inequalities 
(14), (14a) are true forv = 0,1,.... 

In view of (14) it is possible to assert that there exists a positive number 
po such that the series 


eo 


a(x) = Di g, (x) (19) 


= 0 


is absolutely and uniformly convergent in R, for | x | = po. This series, 
accordingly, represents a function analytic in the stated region (for x # ©). 
Moreover, by virtue of satisfied convergence conditions and in consequence 
of (7) and (7a) the function (19) is seen to be a solution of the given integro- 
differential equation. 


1, Hilb, ‘Zur Theorie der linearen Integrodifferentialgleichungen,’’ Math. Annal., 
77, 514-535 (1915). 

2 Ra = real part of a. 

3D. V. Jonesco, ‘‘Généralisation d’une équation de M. E. Goursat,’’ Compt. Rend., 
2, 666-668 (October, 1933). 

4 W. J. Trjitzinsky, “Analytic Theory of Linear Differential Equations,”’ Acta Math., 
62-1, 2, 167-226 (1984). 

5 W. J. Trjitzinsky, ‘‘The General Case of Non-Homogeneous Linear Differential 
Equations,” Proc. Nat. Acad. Sct., 19, 687-690 (1933). 

® Such a region exists not in all instances. 

7 An analogous result holds when a(x) = 0, unless zero is the only solution. 
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CONFORMAL TENSOR INVARIANTS 


By JOHN L. VANDERSLICE 
THE INSTITUTE FOR ADVANCED STUDY 


Communicated November 10, 1934 


The conformal geometry of Riemann spaces was developed by T. Y. 
Thomas! as the invariant theory of a reiative quadratic differential form of 


2 
weight (-”), He devised a conformal tensor calculus and obtained a com- 


plete set? of conformal tensor invariants. The present paper offers an al- 
ternative complete set of invariants derived by the use of a general method 
of completing conformal tensors. In particular a new definition of con- 
formal covariant derivative arises 

1. It will be the convention to denote affine indices (1, 2, ..., m) by capi- 
tal Greek letters, projective indices (0, 1, ..., 2) by small Greek letters, 
conformal indices (0, 1, ..., m, ©) by Roman letters. Ggy is the funda- 


“= 


mental symmetric tensor of weight — a €;; the corresponding symmetric 


conformal tensor defined by Gay = Gey, ®. = ©. 9 = —1, other compo- 
nents zero. 
Associated with the coérdinate transformation 


# = #°(x1 ... x") (1.1) 

is the matrix 
y, Wd, 
et ua Ox! 
= 
Oz 








& log (xz) 
y- 3e 


It is used as the transformation matrix of the conformal indices of tensors 


while the submatrices ||xg'|, ||us|| serve the same purpose for projective and 
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affine indices, respectively. By the use of an auxiliary variable x°, ||ug|| 
may be viewed as the Jacobian of (1.1) together with £° = x° + log (xx). 
In the following, all functions are assumed independent of x° but the 
process of differentiating with respect to it will be used to simplify the 
formalism. 

°T;,, is the associated conformal connection‘ with the law of transforma- 
tion 

opi i (cr; en esi) i aed oa) y 
jo sp Uj Ux or Ur, Uj; Uy, = Op. 

Finally ° xB is the incomplete conformal curvature tensor.® 

2. In Riemannian geometry it will be recalled a complete set of tensor 
invariants is formed by the fundamental tensor together with the curvature 
tensor and its successive covariant derivatives. It is indicated therefore 
to seek an analogous system for the conformal case. Now from a com- 
pletely conformal tensor of weight NV, say 2 ee , a projective covariant 
derivative’ may be constructed by the use of sy to give an incomplete 
conformal tensor 


OTe: i; 
Ox* 


ace = lig... .ir OPI des 2 onl 4i..ir Onl 
Th je = + if. fe: Tp te he ole 


(2.1) 


But the operation cannot be repeated because the new tensor is not com- 
plete. And upon the incomplete curvature tensor it cannot be per- 
formed at all. Thus if further progress is to be made in this direction, 
some invariant method must be found to complete projective indices.’ 

In the case of a contravariant index the simplest procedure is obvious. 
If 7:%: is a tensor with a projective contravariant index a it may be com- 
pleted by the invariant definition T:°: = 0. 

In the case of a covariant index, the simplest procedure is brought to 
light most readily by a geometrical discussion. The totality of all con- 
formal contravariant vectors X’ at a point « may be viewed as an n + 1- 
dimensional projective space P,, + , in which the components of the vectors 
are homogeneous coérdinates and in which the tensor ©;; determines a 
quadric 

CX? X? = 0. (2.2) 


The changes of coérdinates given by (1.2) leave invariant the point (1, 0, 
..., 0) and the n-plane X° = 0. A covariant projective vector, say ¢,, 
represents an (x — 1) plane in X° = 0. The simplest® configuration in 
P,, 4, determined by this (m — 1) plane is the family of all m-planes con- 
taining it, that is to say, a special null system with the ( — 1) plane as 
singular element. A nil system in P,, 4 , is represented analytically by a 
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conformal skew-symmetric covariant tensor of the second order. In par- 
ticular, the null system determined by g, is 


v5 = Ai Ga 
where 
Ajj = oj = 5 6;° ~ §F 6; . (2.3) 


; , 2 R : , 
Aj; is a numerical tensor of weight —-. Hence if 7:3: is any incomplete- 
n 


conformal tensor of weight NV the index a@ may be replaced by a skew- 


symmetric pair of conformal indices giving rise to a tensor of weight N — = 
Tg. = AG Tia! (2.4) 


or more explicitly 735. = —T.s:. = T:z, , others zero. Needless to 
say, this operation can be applied to any number of covariant projec- 
tive indices simultaneously, thus furnishing, together with the conven- 
tion for contravariant indices, a process for completing any tensor. It 
should be remarked that the completed tensor is uniquely determined 
by the given incomplete one and conversely. 

The projective covariant derivative completed by the above device 


is es * A I ee (2.5) 


will be called the conformal covariant derivative. 
Finally it should be noted that the completed curvature tensor 


‘jklRolo = Aki Abn ° Biaps 
has the components 


Bia Bc a Jeane en on 85 —B'.. op = . oeB) (2.6) 


Jj 


other components zero. 
3. The completed curvature tensor together with its successive con- 
formal derivatives forms a sequence of tensor invariants 


Baas Petes ---2 Dilteds)...flder ++: (3.1) 


= 6 wr+4 
of the respective weights —, —, ..., — Briers 
n’ n n 
THEOREM. The sequence (3.1) together with Gy forms a complete set of 
tensor invariants for the conformal geometry of Riemannian spaces. 
To prove this consider the differential equations’ 
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out 
J _ on i opi i. 
aa* Tyja Uy — Vg Uj ta 


Ox* Pe 
ap ~ 


together with the finite relations 


Gee = |u| * Gro us uy 
Us = G ue uy 
wr, = '/rG* ug uy us = | un |" 


uy =55 us =0 


(3.3) 


i ew ? i a oe ee 
Byrikow UE = Borsrosy UG Uk Ui Uk, Uiy- (3.4) 


Because of (2.6) equations (3.4) are the conditions of integrability of (3.2). 
Also, by virtue of (2.1), (2.5), the equations obtained by differentiating 
(3.4) successively and eliminating by means of (3.2) are algebraically 
equivalent to the laws of transformation B —> B of the successive con- 
formal derivatives (3.1). Differentiation of (3.3) and elimination by 
(3.2) leads to identities. The theorem then follows by applying the 
well-known lemma’? on the existence of solutions of a mixed system of 
total differential equations to the system (3.2, 3.3, 3.4). 

4. There is a device which can be used to complete a covariant projec- 
tive index which replaces it by a single conformal index instead of a skew- 
symmetric pair. It is the substitution (cf. 2.4) 


T 4. —> Tj, = T ij, X? (4.1) 


where X? is a set of n + 2 independent variables transforming under (1.1) 
as a contravariant conformal vector. The completion of 7 covariant pro- 
jective indices leads to forms of degree rin X. The use of tensors whose 
components are functions of an independent conformal vector is the con- 
formal analogue of the use of affine tensors whose components are functions 
of the differentials dx, a frequent occurrence in differential geometry. 
Indeed it is convenient and suggestive to call the variables X’ conformal 
differentials. 

The projective covariant derivative of a conformal tensor involving the 
variables X is obtained from the formula (2.1) by the addition of the term 

41... .tr 
— xt opt, (4.2) 

and may be completed to a conformal tensor by the above device. 

The application of this process of completion and covariant differentia- 
tion to °Biag gives rise to the sequence of tensor invariants 
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Bint, (X), Birkayis (X), ~~ +> Birkashs/...the (X)s ++: (4.3) 


whose components are respectively forms of degree 2, 3,...,7+2,...inX. 
This sequence as well as (3.1) forms a complete set of invariants, the re- 
lationship between them being given by 


lr 
Bopta/in/.../he = Biattebe/tah/.../e XX...X" 7 =0,1,... (44) 


1“Tnvariants of Relative Quadratic Differential Forms,” these PRocEEDINGS, 11, 
722-725 (1925). ‘‘On Conformal Geometry” (referred to hereafter as C.G.), Ibid., 
12, 352-359 (1926). ‘Conformal Tensors (First and Second Note),” Jbid., 18, 103-112, 
189-193 (1932). The results of these papers may also be found in his book Differential 
Invariants of Generalized Spaces, Cambridge, 1934 (referred to hereafter as D.I.), 66-83, 
208-212. 

2 That is, a set in terms of which there may be stated algebraic necessary and suffi- 
cient conditions for the conformal equivalence of two Riemannian spaces. 

7C.G. p. 356. D.I. p. 69. 

*C.G. p. 357. D.I. p. 70. 

5 C.G. p. 357. D.I. p. 72. An incomplete conformal tensor is one with one or more 
projective indices. 

6 O. Veblen, ‘‘Conformal Tensors and Connections,’’ these PROCEEDINGS, 14, 735- 
745, § 8 (1928); T. Y. Thomas, ‘‘Conformal Tensors,’”’ these PROCEEDINGS, 18, 103- 
112 (2.3) (1932). 

7 O. Veblen was first to suggest such a process, loc. cit. §§ 7, 8. 

§ The only apparently simpler alternative is the n-plane tangent to (2.2) and contain- 
ing the (n — 1)-plane. The codrdinates of this m-plane are (ga, yo ), a conformal vector, 
where ¢.q is defined by the invariant condition o ¢i ¢j = 0. This method of comple- 
tion because of its non-linearity fails to apply to higher order incomplete tensors. 

oS. Di: p. Fil. 

10 QO. Veblen and J. M. Thomas, “‘Projective Invariants of Affine Geometry of Paths,”’ 
Ann. Math., 27, 279-296, § 7 (1926). D.I. p. 202, § 84. 


INVOLUTORIAL SIMPLE ALGEBRAS AND REAL RIEMANN 
MATRICES 
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Communicated November 5, 1934 


1. Involutorial Simple Algebras.—Let & be a simple algebra over a field 
of characteristic not two and let there be a correspondence 
mh a<——>-a’ (a,a” in %) 
of %&f such that 
(a +b)? = a? +b’, (ab)” = b’a’, (a”)? = a,d” =r 
for every a and b of Y% and d of §. Then J is an involution of A and YW is J- 
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involutorial. If a = a’ thena is J-symmetric and if a = —a’ then ais J- 
skew. Every a of YU is the sum of a J-symmetric and a J-skew quantity 
of %. In particular the centrum of Y is either a field Ro = of J-symmetric 
quantities or = Ro(q), g? = win Ro, g = —g. If Tis also an involution 
of % such that ko” = ko, g? =—q for every ky of &o then we call Ta J-cen- 
trum preserving involution of A. I have proved 
THEOREM 1. A self correspondence T of % 1s a J-centrum preserving in- 
volution of X if and only if there exists a regular quantity p = +p’ in % such 
that 
a’ = p~a’p. (1) 


Corotiary. If Z is a maximal sub-field of X and z* = z! for every z of 
Z then (1) holds with p in Z. 

Let Y = M XK D where Mt is a total matric algebra with basis (¢;;) 
D is a division algebra. Then Mt is T-involutorial with ¢;* = e;. We 
have 

THEOREM 2. If % = M X D is J-involutorial there exists a J-centrum- 
preserving involution T of U such that D is T-involutorial and e;;* = ei. 

‘THEOREM 3. Let D = Di X De be a J-involutorial division algebra, 
where D, and Dz have relatively prime degrees over R. Then there exists aT 
such that D, and Dez are each T-involutorial. 

Every ® is similar to a crossed product (Z,a) where Zis a galois field over 
R and a = (a,,) with a,,, inZand G,H ranging over all automorphisms of Z. 
If R = Ko then we have 

THEOREM 4, Algebra D ¥ Ro is J-involutorial over R = Ko tf and only 
if D has exponent two. 

If R = RKo(g) # Ko then we may in general take Z = Zo X K where Z) 
is galois over %o and write don = Geni + on29) Gom1 and Ano in Zp. 
Then ben = Gn1? — A, n274 are inZoand B = (Zo, b,x) is acrossed product 
over &o. I have proved 

THEOREM 5. Algebra A = (Z,a) is J-involutorial if and only if Bis a total 
matric algebra. 

THEOREM 6. Let Zp be cyclic so that A = (Z,S,y), y = 1 + ¥2q with y 
and y2in Ro. Then A is J-involutorial if and only if y,? — yo? uw ts the norm 
over Ko of a quantity d in Zp. 

We may consider in particular the case where § is an algebraic number 
field and show that every D over &p has degree 1 or 2 and every D over 
RK = Ro(q) is a cyclic algebra of Theorem 6. In particular these results 
may be applied to the case of the multiplication algebras of pure Riemann 
matrices where &y is total real, g? = yu is total negative and we show that 
Zo is total real, d must be total positive. 

2. Weyl Matrices.—Let T be a J-involutorial field containing the least 
algebraically closed extension A of a field § of characteristic not two and 


—— 
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assume that a’ is in § for every a of §. Let also Ty be the set of all J- 
symmetric quantities of T and similarly for % and Ao. The set Nt of all 
p-rowed square matrices o with elements in I is a J-involutorial simple alge- 
bra with J given by 


e- = (o%;); = (0:3), i o}; (i,j = 1,..., p). 


If r is a J-symmetric matrix of Jt and is totally regular in A, and if r = 
RC where C)= +C has elements in § then we call Ra Weyl! matrix over §. 
The set % of all square matrices A with elements in § such that AR= RA 
is a linear associative algebra over § called the multiplication algebra of R. 
Two Weyl matrices R and R, are said to be isomorphic if Ry = U~'RU 
and associated if Rp = WRUwhere Wand U have elements in § and are non- 
singular. Isomorphic Weyl matrices have equivalent multiplication alge- 
bras and the study of 2 is easily reduced to the case where Y is a division 
algebra. If A = Apo then it is shown that D = Rp is a J-symmetric field. 
If A * Agthen A = Ao(z), 42 = —1 and Agisa real closed field. In this case 
we assume that I is algebraically closed and hence T = T(z) where Tp is 
real closed, 22 = —1. Then ris a Hermitian matrix and, in order to com- 
pose irreducible Weyl matrices, it is desirable to assume that ris positive 
definite. This assumption is made and we prove that §) is total real, the 
field Z, of Theorem 5 always exists and is total real, and 

THEOREM 7. Let YU be an algebra of Theorem 5 so that there exist solutions 
d, in Zo of 


bon a (dodu) "dou. (2) 


Then if X is the multiplication algebra of a Weyl matrix the equations (2) must 
have total positive solutions dg. 

THEOREM 8. Let % = (Z,a) over R = Ro be defined by a total real galois 
field Z and be the multiplication algebra of R. Then 


(Aon)? oe (deta) ~ ‘don (3) 


must have total positive solutions d, in Z. 

THeoreM 9. Let D over Ry be the multiplication algebra of an irreducible 
Weyl matrix and with no maximal symmetric sub-field. Then D is similar 
to a crossed product X X Q where A is an algebra of Theorem 8 and Q 1s the 
algebra of real quaternions. 

The above theorems give necessary conditions that D be the multiplica- 
tion algebra of an irreducible r and it is believed that they are also suffi- 
cient, in general. 

3. The §-Algebra of a Weyl Matrix.—The set % of all matrices A with 
elements in § such that AR = RB, where B has elements in §, is an algebra 
over § called the §-algebra of R. Algebra $ contains the multiplication 
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algebra % of R and R is called a central Weyl matrix if 8 = YW. Associated 
Wey] matrices have equivalent §-algebras. 

If § = §o and F = Iy(p) so that + = 71+ 729 we assume that one of 7; 
and 72 is non-singular. We then prove 

THEOREM 10. Every Weyl matrix R is associated with a central Weyl 
matrix Ro such that r = RC = RoCo. Jf ¥ = Fo and r = 7, then we may take 
Co = a’. 

THEOREM 11. Jf Ry 1s tsomorphic to a central Weyl matrix Ro then Ry 
as a central Weyl matrix. 
THEOREM 12. Every reducible central Weyl matrix is isomorphic to? 


Ro = [Ri. . Re] 


which has zero matrices off the diagonal and irreducible central Weyl matrices 
R; as diagonal blocks. 

These results evidently complete the theory of §-algebras by reducing 
the problem to the previous case of the multiplication algebras of irre- 
ducible Weyl matrices. 

4. Real Riemann Matrices.—Let To be a real closed field, Tf = T(z), 
72 = —1, and let § be a sub-field of Tp. If wis a Riemann matrix over § 
the set of all matrices A such that aw = wA forms a linear associative al- 
gebra, the multiplication algebra of w. We let y = iwCw’ where c is a prin- 
cipal matrix of w so that if 






= (?), -* Up a9 I), ® = iENco’ = [yy]. 


then ® is positive definite Hermitian. Then 







R, = i £9, r = RC = 2-'8(0’)- 







is positive definite real symmetric and R; is a matrix of Weyl. The multi- 
plication algebras of R,, and w coincide. 

If Ri = 1%—1EM% and w is pure then « is isomorphic to either wor @. I 
have proved 

THEOREM 13. Let w be a pure Riemann matrix not isomorphic to @ and 
let R, = 12-"EQ = 1%-!EQ = Ri». Then R., ts a central Weyl matrix whose 
multiplication algebra ts that of w and wy = yw. 

THEOREM 14. Let w = v—!@N-! be a pure Riemann matrix with multi- 
plication algebra D and Weyl matrix R, = 12-1EQ. Then the §-algebra B of 
R 1s the algebra 











$= D+ DN 
with NR = —RN, N?in ®. 








A Riemann matrix w is real if »wN = w with N? = Iz». We have 
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THEOREM 15. A pure Riemann matrix w with Weyl matrix R, = 10-'EQ is 
real if and only if the §-algebra B of R.,, 1s not a division algebra. 
THEOREM 16. Every real Riemann matrix is isomorphic to both 


(7, iIy), . (R, ily) 


where r = RC is a positive definite real symmetric matrix with C’ = Cand 
central Weyl matrix R. 

THEOREM 17. Let w = (R,il,) where Ris an irreducible central Weyl 
matrix with multiplication algebra D and hence w has a sub-algebra Do, of 
multiplications 


Aw = waa, a, = [A,A] (Ain 9), 


equivalent toD. Then the multiplication algebra X of w 1s Do tf and only if 
R and R- are not associated. Moreover if R~! = — 2%-'!Rz, is associated 
with R then A = Do + Dog, 
5 is > 
ge 2 0 
with g* and gig—! in Do for every f in Dp. 

In fact it is easily shown that Dp is the set of all multiplications } of w 
such that EbDE~! = b and Dog is the set of all b’s such that EDE~! = —). 
We also have 

THEOREM 18. Let w = (R, il,) as in Theorem 17 and w = (S, ilp) where 
Sis any Weyl matrix. Then w and w are isomorphic if and only if Sis asso- 
ciated with either R or R=. 

We have therefore proved that if w = (R, 7I,) with R an irreducible cen- 
tral Weyl matrix then w cannot be isomorphic to w = (S,7I,) where the 
§-algebra of S is not a division algebra. We may therefore make the 

DEFINITION. A real Riemann matrix w = (R,il,) will be called irre- 
ducible if the §-algebra of R 1s a division algebra. 

We then have 

THEOREM 19. Every real Riemann matrix is tsomorphic to 


[w, sees w | 
where the w; are irreducible real Riemann matrices and in fact 
so daa (R, il,), R= [Ri sty R,), a Sa (Rj, il,), 


if R ts the reducible central Weyl matrix in w. 
THEOREM 20. An irreducible real Riemann matrix w is impure if and only 
af it ts isomorphic to 


[ow @,] 


where w, 1s pure and is not a real Riemann matrix. 
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We have therefore obtained a complete reduction of any impure real 
Riemann matrix to pure components and have given the structure of a 
pure real Riemann matrix in Theorem 17. 


1H. Weyl considered such matrices in his paper in the October, 1934, number of the 
Ann. Math. and wrote the transposed form tr = CR. It seems more natural to write 
t = RC in view of later applications. 

2 We use this notation for a matrix with zero blocks off the diagonal throughout the 
report. 


ERRATA 


In the paper by G. H. Parker on ‘‘Acetyl Choline and Chromato- 
phores,”’ these PROCEEDINGS, 20, 596-599, the following corrections should 
be noted: 

Page 599, Line 10, For dispersion read concentration. 

Page 599, Line 11, For darkening read blanching. 
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